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Preface 


This book - an in-depth examination of chemical thermodynamics - is 
written for an audience of engineering undergraduates and Masters students 
in the disciplines of chemistry, physical chemistry, process engineering, 
materials, etc., and doctoral candidates in those disciplines. It will also be 
useful for researchers at fundamental- or applied-research labs, dealing with 
issues in thermodynamics during the course of their work. 

These audiences will, during their undergraduate degree, have received a 
grounding in general thermodynamics and chemical thermodynamics, which 
all science students are normally taught, and will therefore be familiar with 
the fundamentals, such as the principles and the basic functions of 
thermodynamics, and the handling of phase- and chemical equilibrium states, 
essentially in an ideal medium, usually for fluid phases, in the absence of 
electrical fields and independently of any surface effects. 

This set of books, which is positioned somewhere between an 
introduction to the subject and a research paper, offers a detailed examination 
of chemical thermodynamics that is necessary in the various disciplines 
relating to chemical- or material sciences. It lays the groundwork necessary 
for students to go and read specialized publications in their different areas. It 
constitutes a series of reference books that touch on all of the concepts and 
methods. It discusses both scales of modeling: microscopic (by statistical 
thermodynamics) and macroscopic, and illustrates the link between them at 
every step. These models are then used in the study of solid, liquid and 
gaseous phases, either of pure substances or comprising several components. 
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The various volumes of the set will deal with the following topics: 

- phase modeling tools: application to gases; 

- phase modeling of liquid phases; 

- modeling of solid phases; 

- chemical equilibrium states; 

- phase transformations; 

- electrolytes and electrochemical thermodynamics; 

- thermodynamics of surfaces, capillary systems and phases of small 
dimensions. 

Appendices in each volume give an introduction to the general methods 
used in the text, and offer additional mathematical tools and some data. 

This series owes a great deal to the feedback, comments and questions 
from all my students at the Ecole nationale superieure des mines 
(engineering school) in Saint Etienne who have “endured” my lecturing in 
thermodynamics for many years. I am very grateful to them, and also thank 
them for their stimulating attitude. This work is also the fruit of numerous 
discussions with colleagues who teach thermodynamics in the largest 
establishments - particularly in the context of the group “Thermodic”, 
founded by Marc Onillion. My thanks go to all of them for their contributions 
and conviviality. 

This volume is split into two parts. In the first part. Chapter 1 is dedicated 
to phase modeling tools and covers the modeling of a phase: constructing 
potential characteristic functions. Chapter 2 covers the microscopic approach 
and presents the characteristic matrices that group together thermodynamic 
coefficients, from different experimental data. Chapters 3, 4 and 5 cover tools 
used in the microscopic modeling of phases through the use of statistics of 
molecular objects and microcanonical and canonical spaces. The calculation 
of state functions from molecular data allow the characteristic functions of a 
phase to be calculated. 

The second part covers the modeling of gaseous phases. In Chapter 7, we 
cover macroscopic and microscopic modeling of pure gases using state 
equations, generalized compressibility charts and the concept of fugacity. 
Microscopic modeling is an initial application of statistical thermodynamics 
by calculating the second virial coefficient. The eighth chapter describes the 
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models of gaseous mixtures, macroscopic and microscopic. Mixed models 
from models of condensed solutions and state equations are covered. 

Michel Soustelle 
Saint- Vallier, France 
April 2015 




Notations 


{gas} : pure gas 
{Ml : gas in mixture 
(liquid) : pure liquid 
((liquid)) : liquid in solution 
(solid) : pure solid 
((solid)) : solid in solution 




Symbols 


A : Area of a surface or interface 
(12) 

,4J| : Hamaker constant between 

two media 1 and 2 

a : affinity 

A : electrochemical affinity 

A m : molar area 

A m : molecular area 

a : cohesion pressure of a gas; 
radius of the unit cell of a liquid 

A, B, : components of a mixture 

a m,x and b m,x : terms for mixing of 
constants of a state equation 

B \ : i ,h coefficient of the virial in the 
increase in pressure 

Bj : i th coefficient of the virial 


b : co-volume of a gas, co-surface of 
an adsorbed gas 

C : concentration, trace 

concentration of a voltage-pH 
diagram 

Cp S : excess molar heat capacity at 
constant pressure 

Cj : molar concentration (or 
molarity) of a component i 

C+ : mean concentration of ions in 
an ionic solution 

C V (e[) '■ contribution of free electrons 
of a metal to the molar heat capacity 

C v ( r ) : contribution of rotational 
movements to the heat capacity at 
constant volume 

C v ( t ) : contribution of translational 
movements to the heat capacity at 
constant volume 
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C v(v) : contribution of vibrational 
movements to the heat capacity at 
constant volume 

C v , C P : heat capacity at constant 
volume and pressure 

c : capacity of a capacitor; number 
of independent components 

D : dielectric constant of the 
medium; protection or contact 
diameter of a molecule 

D(T/0 d ) : Debye function 

d : distance between two liquid 
molecules 

d e S : exchange of entropy with the 
external environment 

di : degree of oxidation i of an 
element A 

d,,S' : internal production of entropy 

dot : element of volume 

E : energy of the system 

e : Young’s modulus 

E(T/& e ) : Einstein function 

E 0 : internal energy associated with 
a reaction at temperature 0 K 

E° : standard electric potential or 
standard electromotive force of an 
electrochemical cell 


E abs : reversible electrical voltage of 
an electrochemical cell 

Eb : balanced equation 

(E'j : total mean energy of an 
element of a canonical ensemble 

E c : total energy of canonical 
ensemble 

E, potential energy due to 
interactions 

Ei : energy of an element j of 
canonical ensemble 

E kin : molar kinetic energy of 
electrons in a metal 

e p : set of variables at p intensive 
variables chosen to define a system 

e : relative potential of an electrode 

e : standard electrical potential (or 
normal potential) of an electrode 

e 0 : potential of equi-activity or 
equi-concentration of an electrode 

e a bs : absolute potential of an 
electrode 

F : Helmholtz free energy 
F '," ux : excess molar free energy 

— xs 

Fi : excess partial molar 
Helmholtz free energy of a 
component /' 



Symbols xxi 


— mix 

F i : partial molar Helmholtz free 

energy of mixing of a component i 

Fi : Helmholtz free energy, partial 
molar Helmholtz free energy of a 
component i 

F e i : contribution of free electrons to 
molar Helmholtz free energy 

F : electrochemical Helmholtz free 
energy 

/l lel : heterogeneous spreading 
parameter 

fi : fugacity of component i in a 
gaseous mixture 

F m : molar Helmholtz free energy 
F; faraday 

f° : molar Helmholtz free energy 
of a pure component /' 

f or /’° : fugacity of a pure gas i 

G f : excess Gibbs free energy 

G a : electro-capillary Gibbs free 
energy 

G : electrochemical Gibbs free 
energy 

G i : excess partial molar Gibbs 

free energy of a component i 


G : Gibbs free energy 

G, Gi , [G] : Gibbs free energy, 
partial molar Gibbs free energy of i, 
generalized Gibbs free energy 

G m : molar Gibbs free energy 

G™“ : molar Gibbs free energy of 
mixing 

Gi : excess partial molar Gibbs 
free energy of a component i 

g : osmotic coefficient; 

acceleration of gravity; coefficients 
of degeneracy or multiplicity or 
statistical weight 

g,° : molar Gibbs free energy of a 
pure component i 

g a : statistical weight of fundamental 
electron level of the nucleus a 

gi : coefficient of multiplicity of 
state i 

g( C) : statistic weight of electron 
levels 

g(r) : radial distribution function 

g(vj : distribution of velocity 
components according to Ox 

g* : molar Gibbs free energy of gas i 
under a pressure of 1 atmosphere in 
a mixture 
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Hj : standard molar enthalpy of 
formation at temperature T 

77, Hi : enthalpy, partial molar 
enthalpy of i 

H : Hamiltonian 

H L : resonance integral between two 
identical neighboring atoms 

Hj j : Coulombian integral between 
two identical neighboring atoms 

77: magnetic field 

H : electrochemical enthalpy 

//,“ : excess molar enthalpy 

77 ™ x : molar enthalpy of mixing 

XS 

Hi : excess partial molar enthalpy 
of a component i 

— mix 

Hi : partial molar enthalpy of 
mixing of component i 

h t : spreading coefficient 

h : stoichiometric coefficient of 
protons in an electrochemical 
reaction 

h : Planck’s constant 

/?,° : molar enthalpy of a pure 

component i 


he t : spreading coefficient of a liquid 
on another Harkins liquid 

7 : ionic strength of an ionic solution 

/,„ : ionic strength reduced to 

molarities 

I, I i, 7 2 /{ : moments of inertia. 

7/ : configuration integral of the 
canonical translational partition 
function 

i : Van 't Hoff factor 

Jj : partial molar value of the 
variable / relative to component i 

J'j UX : value of mixing of size J 
relative to component i 

Jj lux : partial molar value of 
mixing of size J relative to 
component i 

* 

J, : size of J relative to component 
i in a perfect solution 

* 

Jj : partial molar value of size J 
relative to component i in a perfect 
solution 

/,° : value of size J for the pure 
component i in the same segregation 
state 

j : quantum rotation number 
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Kj j(E p ) : Thermodynamic 

coefficient associated with the set of 
variables e p, X ) is its variable of 
definition and Yj its function of 
definition 

k\ t '^ : equilibrium constant of the 
phase transformation Tr for 
component i 

K-- : local composition weighting 
factor 

Ka ds : adsorption equilibrium 
constant 

K ax : solubility product of solid AX 

: partition coefficient of 
compound i between both phases a 
and |3 

Kj : dissociation constant 

Kf e : adsorption equilibrium function 

: equilibrium constant relative 
to concentrations 

Ky’ : equilibrium constant relative 
to fugacities 

K[ P) : equilibrium constant relative 
to partial pressures 

K r : equilibrium constant 

K s : solubility product 


k : wave number 

k B : Boltzmann constant 

L, : latent heat accompanying the 
transformation t 

l c : capillary length 

M : molar mass 

m : magnetic moment; Madelung 
constant 

m , m s : mass of solute s in grams 
per kg of solvent 

m : total mass 

m, : mass of component i 

N : number of molecules in an 
ensemble 

N a : Avogadro’s number 

N a : number of molecules of the 
component A 

N c : number of elements in the 
canonic ensemble 

N c : Total number of cells in a 
liquid. 

n : total number of moles in a 
solution or a mixture; quantum 
translation number 

«; : number of objects i of system 
with energy £;. 
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n ta> : total number of moles in 
phase a 

<n> : mean number of neighboring 
holes in a molecule in a liquid 

«, : number of moles of component i 

N l : total number of holes in a liquid 

P” llx : critical pressure of a mixture 

P : pressure of a gas 

-P™ : sublimation vapor pressure of 
component i 

P. " p , P® : saturation vapor pressure 
of component i 

P'.' nx : relative pressure of the 
mixture 

P c : critical pressure 

p F : Fermi impulsion 

Pi : partial pressure of component i 

Pj : fraction of number of elements 
in a state j 

p : number of external physical 
variables; spreading parameter 

Q : heat balance 

Q a : reaction quotient in terms of 
activities 


Qp : heat of transformation at 

constant pressure ; reaction quotient 
in terms of partial pressure 

Q, : reaction quotient of 
transformation r 

Qv : heat of transformation at 

constant volume 

: equilibrium heat of adsorption 

q& : differential heat of adsorption. 

< 7 i : volumic fraction parameter 

<7i S0S , : isosteric heat of adsorption 

9? : reaction rate 

R : ideal gas constant 

R : radius of mean curvature of a 
surface; distillation reflux ratio 

r A : radius of ionic atmosphere 

r 0 : distance of minimal energy 
between two molecules 

r c : radius of a cylindrical tube 

7'i : parameter of volumic fraction 

r K : Kelvin’s radius 

s : parameter of order of an alloy 

S”" x : molar entropy of mixing 
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— xs 

Si : excess partial molar entropy 
of component i 

Si : partial molar entropy of 
mixing of component i 

S : oversaturation of a solution 

Si : entropy, partial molar entropy 
of i 

S : electrochemical entropy 

S™ : excess molar entropy 

sf : molar entropy of the pure 
component i 

T" ,a : critical temperature of the 
mixture; relative temperature of 
mixture 

T : second order transition 
temperature 

T(A:) : boiling point of azeotrope 
T c : critical temperature 
T F : Fermi temperature. 

Ti ( Eb ) : boiling point of pure i 
Tiff ) : melting point of pure i 
T s : sublimation point 
T v : vaporization point 


U™ : excess molar internal energy 

UZ lx : internal molar energy of 
mixing 

— XS 

U i : excess partial molar internal 
energy of component i 

U i : partial molar internal energy 
of a mixture of component i 

U ,Ui : internal energy, partial 
molar internal energy of ; 

U e i : contribution of free electrons to 
molar internal energy 

U : electrochemical internal energy 

U m : molar internal energy 

Ur : internal lattice binding energy 

u+, u- : ionic mobilities of cation and 
anion 

m ( ° : internal molar energy of pure 
component i 

V, Vi : volume, partial molar 
volume of i 

V c : critical volume 

V G : Gibbs variance 

V m : molar volume 

v c : cell volume of a liquid 
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Vo : Duhem variance 

Vf\ free volume per molecule 

Voo : volume of influence around a 
molecule 

v,° : molar volume of the pure 
component i 

v m : molecular volume 

v M '■ molar volume of a solid at 
melting point 

Vmono : volume of adsorbed gas 
monolayer 

v xi : component according to Ox of 
the speed of particle i 

v : vibrational quantum number 

TV 12 : energy per square meter of the 
interaction between surfaces of 
phases 1 and 2 

Wj : mass fraction of component i 

Wy : energy exchanged between 
atoms i and j 

: molar fraction of component 
k in phase a 

x, y, z : coordinates of a point in 
space 

Xi : molar fraction of component i in 
a solution 


Yj and X t : intensive and extensive 
conjugate variables 

y i} j : Mayer’s function 

y i : molar fraction of component i in 
a gaseous phase 

Z : compressibility coefficient 

Z, : compressibility coefficient of a 
gas i 

Z mlx : compressibility coefficient 
of a gas mixture 

Z AB : molecular partition function of 
the interaction between molecules 

Z c : canonical partition function 

Z aA) : canonical partition function 
of component A 

Z C(0 : canonical partition function of 
interactions 

Z C(t) : canonical partition function of 
translation 

z : molecular partition function, 
altitude of a point 

z e : electronic molecular partition 
function 

z, : electrovalence of ion i; number 
of nearest neighbor molecules of 
molecule i 


<y> : mean value of y 
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z int : contribution of internal 
movements to the molecular 
partition function 

z„ : molecular partition function of 
nucleus 

z p f : molecular partition function of a 
perfect gas 

z r : molecular partition function of 
rotation 

z, : molecular partition function of 
translation 

z t (pf ) : molecular partition function of 
translation of a perfect gas 

z v : molecular partition function of 
vibration 

a : dissociation coefficient of a 
weak electrolyte; Lagrange 
multiplier relative to the number of 
objects in a collection; polarizability 
of a molecule; linear expansion 
coefficient under pressure P; 
relative volatility 

a a : apparent dissociation coefficient 
of a weak electrolyte 

P : Lagrange multiplier relative to 
the energy of objects in a collection; 
volumic expansion coefficient under 
pressure P 

r(E P ) : characteristic function 
with ensemble Ep as canonical 
variables 


I ). : activity coefficient of a group 
r : characteristic function 

r ; : excess of surface or surface 
concentration of component i 

Tjj : excess of surface or surface 
concentration of component i with 
respect to j 

Y : activity coefficient of 
component i whatever the reference 
state; Griineisen parameter; 
structural coefficient that equals 
v 2 for face-centered cubic 
networks 

y , : activity coefficient of a solvent 

Y, : activity coefficient of species i; 
Griineisen factor of phonon i 

yf ^ : activity coefficient of 

component i reference pure body 

: activity coefficient of 

component i reference solution 
infinitely dilute 

y\ 111 ^ : activity coefficient of 

component i reference molar 
solution 

y+ '■ mean activity coefficient of 
ions in an ionic solution 

Ys : activity coefficient of a solute 
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Act : spreading of a liquid 

A r Aj : standard value at 
temperature T of A associated with 
transformation r 

A r (A) : value of A associated with 
transformation r 

Sy : Kronecker’s symbol 

8 : coefficient of increase in 

pressure at volume V 

ef : Wagner interaction coefficient 

e : electrical permittivity of the 
medium 

£q : electrical permittivity of the 
vacuum; energy of orientation effect 
between molecules 

Sattr : attraction energy between 
molecules 

e c : kinetic energy of a molecule 

£c_h : energy of C-H bond 

£d : energy of dispersion effect 
between molecules 

e F : Fermi energy 

£ i(e ) : electronic energy of a molecule 
i 

£ i( ij : interaction energy of a 
molecule i 


£ i(n) : nuclear energy of a molecule i 

£j, rJ : rotational energy of a molecule 
i 

E i(t) : translational energy of a 
molecule i 

£ i(vJ : vibrational energy of a 
molecule i£jj : interaction energy 
between two molecules i and j 

£j : electron pair energy between 
atoms i and j 

£ mm : switch 

£ p : potential energy of a molecule 

£ rep : repulsion energy between 
molecules 

T ) : viscosity 

rj.. : Warren and Cowley order 
parameter 

0d : Debye vibrational temperature 

0 E : Einstein vibrational 

temperature 

0 r : characteristic rotational 
temperature 

9 : recovery fraction 

0, : fraction on the surface of a 
component 

A : linear expansion coefficient 
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A 0+ , A 0 - : equivalent ionic 

conductivities of cation and anion 

Aa : absolute activity of component 
A 

A, : lateral chemical potential of 
component i 

A : equivalent conductivity of an 
electrolyte; thermal wavelength of a 
molecule 

A 0 : equivalent boundary 

conductivity of an electrolyte 

//;, [//;] , jd l : chemical potential of 

component i or electric dipole 
moment of molecule i, generalized 
chemical potential 

p\ L \p\ G) : chemical potential of 
component i liquid or gaseous 

// : electrochemical potential 

V : vibrational frequency 

: algebraic stoichiometric 
number of component A* in reaction 
P 

V[> : maximal Debye frequency 

V e : stoichiometric coefficient of 
electrons in an electrochemical 
reaction 

£ : reaction extent 


n d : cut-out pressure 

p : density of molecules in a 
spherical crown of radius r; volumic 
density of electrical charges; 
volumic mass/X/') : density of 
molecules in a chamber 

er : surface energy, symmetry 

number 

ct e : surface density of electric 
charges 

a-'-- : surface tension 

T+, T- : cationic and anionic transport 
number 

: practical osmotic coefficient; 
expansion pressure 

3> ; : fugacity coefficient of 

component i in a gaseous mixture 

</> : coefficient of conductivity of a 
strong electrolyte; number of phases 

cp,- : fugacity coefficient of gas i in a 
mixture 

(Pi and (pf : fugacity coefficient of 
a pure gas 

<pi : fraction of component volume 

: calorimetric coefficient 

relative to variable x, 

X '■ electric conductivity 
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Xt '■ compressibility coefficient at 
temperature T 

V F / : electrostatic potential of ionic 
atmosphere 

'F(r) : electrostatic potential 

v F fon : energetic term between two 
groups 

W : wave function 


Qm; : number of complexions in 
Bose-Einstein statistics 

£2 ( : number of complexions in 
Fermi-Dirac statistic 

Q : number of complexions 

: set of coordinates for position of 
molecule i 

(t) x : rotational velocity component 
according to Ox 
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Thermodynamic Functions and 

Variables 


In thermodynamics, each state of a system is characterized by the value 
given by a certain characteristic function, which depends on a certain number 
of variables: the state variables. The most commonly cited variables include 
the internal energy U, enthalpy II. Helmholtz energy F and Gibbs energy G. 
Therefore, the complete properties of a system are known if one of the 
characteristic functions is known according to the variables chosen to define 
the problem. 

These characteristic functions also possess two properties, according to 
the two first principles of thermodynamics: 

- these are the state functions, that is to say, their variations during a 
transformation only depend on the initial and final state and their differentials 
are exact total differentials (see Appendix 3, section A3. 2); 

- they are each a potential function in a set of given variables, i.e. they 
have a minimal value for a system in equilibrium and vice versa. 

If the system is composed of several phases, the value of the characteristic 
function of the overall system is the sum of the values of this function for 
each phase. 

Note - We know that if a phase contains several components, the value of 
the characteristic function of the phase is not the sum of the values of these 
same functions for each of the components. 


Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
© ISTE Ltd 2015. Published by ISTE Ltd and John Wiley & Sons, Inc. 
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1.1. State variables and characteristic functions of a phase 

The number and nature of variables, used to study the state or 
thermodynamic modifications of a phase, are chosen by the operator. This 
limits the number of variables in order to not complicate the problem. 


1.1.1. Intensive and extensive conjugate variables 

Variables that can be chosen are classed in couples. The product of the 
variables of the same couple is homogeneous at a given energy, that is to say, 
the equation with dimensions: ML 2 T" 2 . One of the variables in the couple is 
an intensive variable, i.e. homogeneous to zero degrees with regards to 
quantities of matter, and the other is an extensive variable, i.e. homogeneous 
at degree one with regards to quantities of matter (see Appendix 3, section 
A3.1). 

Table 1.1 shows the main couples, where pressure-volume and 
temperature-entropy are the two couples most frequently encountered in 
chemical thermodynamics, with, for each component, the couple quantities of 
matter-chemical potentials. The couples electric charge-electric potential and 
area-surface tension are found in electrochemistry and surface chemistry, 
respectively. 

The third column in the table provides an expression of the corresponding 
work in the forms TdA, X and T, the extensive variable and intensive variable 
of the couple, respectively. 

Note that with volume being the intensive variable, opposed pressure 
must respect the form of the pressure work forces. 

When dealing with the thermodynamic modeling of a transformation, it is 
best to first choose the physical phenomena involved. From Table 1.1, the 
conjugate variable couples used are deduced. 

For example, in the case of a steam engine machine in which the 
phenomena involved are heating and changes in the state of water, the 
following thermomechanical couples are used: temperature-entropy (T, S) 
and opposed pressure-volume (-P, V). To study a chemical transformation in 
condensed phases at atmospheric pressure, incapable of varying or even 
influencing the phenomenon, the couple temperature-entropy is chosen and, 
for each component, the couple quantity of matter and chemical potential. 
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Extensive variable 

Intensive variable 

Reversible work 

Entropy (S) 

Temperature ( T) 

ms 

Volume (V) 

Opposed pressure (-P) 

-Pd V 

Area (A) 

Surface energy ( o) 

odA 

Quantity of matter of 
i («i) 

Chemical potential of 
i (Ik) 

//jd«; 

Electric charge ( q ) 

Electrical potential <J> 

<bd<7 

Magnetic moment (011) 

Magnetic field t5C) 

9td01t 

Length (/) 

Force (F) 

Fdl 


Table 1.1. Couples of conjugate variables and corresponding reversible work 


Unlike in thermomechanics, which only involves couples (T, S) and (-P, 
V), we encounter several chemical thermodynamics. “Simple” chemical 
thermodynamics involves the couples ( T \ S) ( -P , V), associated with each 
component (u,. n,). “Electrochemical” thermodynamics implicates electrical 
phenomena and therefore involve the following couples: (T, S) ( -P , V), (//,. n,) 
and (<f>, q). “Capillary” chemical thermodynamics implicates surface 
phenomena and involves the couples (T, S) ( -P , V), (//,-, n,) and (a, A). 
Finally, “electrocapillary” chemical thermodynamics involves the couples (T, 
S ) (-P, V), (//,. n,), Uh. q) and (a; A). 


1.1.2. Variations in internal energy during a transformation 

Let us imagine that the set S 0 is defined as the total of n extensive 
variables chosen for the phenomenon studied. 

= (Xi,X2,...,Xi,...X n ) [1-1] 

We know that the variation in internal energy for an infinite 
transformation is written: 
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AU = 5W + SQ = 'Y/ i AX i [1.2] 

i= 1 


Now the internal energy is a state function and therefore the previous 
differential is an exact total differential (see Appendix 3, section A3. 2) and 
will be known when all the partial derivatives attached to ensemble &Q are 
known, such that: 


r dU^ 


AX: 


Yj (X l ,X 2 ,—X i ,..X n ) 


i J 


[1.3] 


For example, for a thermomechanical transformation of a pure body, the 
set Sq will be defined as: 


h = (S,V) 

The variation in internal energy will be: 
dU = SW + 8Q = TAS - PAV 


And the first derivatives of U will be: 



T(S,V) and 



-P(S,V) 


However, choosing the set S 0 ma Y appear to be poorly suited to the 
problem, for example, if we wish to calculate the variation in internal energy 
in an infinitesimal transformation, which may be done by choosing the set of 
variables, & p is instead defined by: 


S P =(Y u Y 2 ,...,Yi,...Y p ,X p+u ..,,X k ,...X n ) [1.4] 

In this set we chose the following as independent variables: 

- the intensive variables for p couples; 

- and the extensive variables for the n-p remaining couples. 
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The variation in internal energy is always written: 

dU = SW + SQ= tYidXi = £ Y^Xi + j^Y k dX k [1.5] 

i=l z=l k=p+ 1 

We can always express the parameters X t according to the variables 
chosen and state the expressions in relation to [1.5]. This rapidly results in 
complicated expressions of d U. 

We show this change in variables with both thermo mechanical couples by 
choosing the set: 

St =(T,V) 

The differential of entropy is always expressed according to new 
variables: 


fdS ' I , 

"ds\ 

— dr + 

U T v 

Jv) 


By writing in terms of dU, the differential of internal energy appears in 
the new set of variables: 


dU =TdS - PdV = T 


(ds\ J 

Yds} 1 

— dr + 

— \- p 

U Tjy [ 

[dV 


dV 


1 . 1 . 3 . Characteristic function associated with a canonical set of variables 

We have seen that the method, involving changing the variables to 
express the internal energy, quickly results in complex expressions, which is 
why we prefer to use a better adapted characteristic function I’ for each 
variable set, which has the same properties as the internal energy, i.e. it 
remains a characteristic function whose knowledge will allow, as for U in Sq 
variables, a complete definition of the phase studied in the thermodynamic 
plane, and this remains a state function. However, this function will be 
expressed in a set of variables to which it will be adapted, called its canonical 
variables. 
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Let us take our set of variables Sq defined by the relation [1.4] and the 
expression of internal energy according to relation [1.5]. We define the 
characteristic function T p , with canonical variables in set S> p , by the 
following transformation, which is called a Legendre transformation: 

r (S p )=U-£X,-Y i [1.6] 

1=1 

This transformation involves subtracting from the internal energy all the 
products XjYj for which the intensive Y, was chosen as the problem variable. 
F( Sp ) is a state function and by differentiating the expression [1.9] we 
obtain: 


dr(s p ) = Y J x i dY i + It a . dx k 

i = 1 k- p+\ 


[1.7] 


We see that the variations in the function chosen are expressed according 
to the variables chosen. This variation will be fully known if the following 
partial derivatives are also known: 


dY; 


= X,- and 


gr(s p ) 

dx k 


= Y, 


Which are written in the general form: 


/ dT(g p ) 


\ 



= e, 


mm A m 


[ 1 . 8 ] 


1 P„, is the conjugate of variable Z m . e mm is a switch which takes the value: 

_ £mm = +1 if variable Z,„ is extensive ( V F,„ is therefore intensive); 

_ £mm = -1 if variable Z,„ is intensive ( l F,„ is therefore extensive). 

Certain frequently encountered characteristic functions have a particular 
name; these are displayed in Table 1.2. 
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Generalized Gibbs energy, denoted [g] is the characteristic function 

obtained by choosing the amounts of matter and all other intensive variables 
of the problem as variables. 

[g]=U- ix^ [1.9] 

7 = 2 

This function is confused with Gibbs energy if, as well as the amount of 
matter, only the thermomechanical couples S, T and V, -P are considered. In 
the case where an electrical potential is added, the function is called 
electrochemical Gibbs energy and its variables are temperature, pressure, 
electrical potential and amount of matter. For surface phenomena, we 
encounter capillary Gibbs energy which involves the following variables: 
temperature, pressure, surface tension and amount of matter. 


Variables chosen 

Characteristic function 

Extensive variables 

U Internal energy 

Extensive variables except V replaced by —P 

H Enthalpy 

Extensive variables except S replaced by T 

F Helmholtz energy 

V and S replaced by -P and T 

G Gibbs energy 


Table 1.2. Characteristic functions and associated canonical variables 


1.2. Partial molar parameters 

The concept of partial molar parameter stems from phases with several 
components; extensive parameters are not additive, i.e. a given extensive 
variable of the phase, for example volume, is not the sum of extensive 
variables of different components. The partial molar parameter of a 
component presents itself as the contribution of one mole of this compound 
to the value of the corresponding extensive parameter of the phase. 


1.2.1. Definition 

In this section we will consider phases with N components and we will 
choose the following variables; the N quantities of matter /?, and the p 
intensive variables for the other conjugate couples. We call the partial molar 
variable of an extensive function its derivative with respect to the amount of 
matter of a compound whose intensive variables and all the amounts of 
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matter of the other components are constant. For the extensive variable Z, this 
partial molar variable is denoted Z ( . We therefore have, by definition: 


Z, = 


az 


[ 1 . 10 ] 


1.2.2. Properties of partial molar variables 

Let us recap the following relations which are found in all basic 
publications of chemical thermodynamics: 


N 

z = 2>/Z, 

;=i 


X«,dZ ( = X 


r dz ^ 

k=\ \dY k ) 


d Y, 


[ 1 . 11 ] 


[ 1 . 12 ] 


This last relation is known as the generalized Gibbs-Duhem relation. If 
we keep constant all the intensive variables Y k , this relation can be simplified 
to: 


X n i d Z ; = 0 [1.13] 


We can then use this relation using the molar fractions jc 

Z* i dZ i =0 [1.14] 


1.3. Chemical potential and generalized chemical potentials 

We are going to assess some properties of the chemical potential and how 
it can be extended to generalized chemical potentials. 


1.3.1. Chemical potential and partial molar free enthalpy 


We are going to prove the following theorem: 
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Theorem 1 The chemical potential is confused with partial molar Gibbs 
energy. 

Let us consider the study of a phase with N components in which we 
consider the couples of variables (T, S ), (-P, V), the chemical potentials and 
amounts of matter. 

The variation in internal energy of our phase is written: 

N 

dU = TdS-PdV + [1.15a] 

j=l 

The variation in Gibbs energy: 

N 

dG = -SdT + VdP+Y J P i dn i [1.15b] 

1 = 1 


In addition, we can directly write the Gibbs energy as an exact total 
differential (see Appendix 3, section A3. 2): 


r d G ' 


dG = — dT + — dP+ X 

dT dP ,=ll dn 


dn t 


V"" i J 


P,T,n, 


[1.16] 


We therefore obtain: 


= G t [1.17] 


This verifies our theorem. 



1.3.2. Definition of generalized chemical potential 

We call the generalized chemical potential the partial molar Gibbs energy 
(see section 1.2 and relation [1.10]) i.e.: 
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k] 


r dG, A 

v dn i j 


Y.n , . 


[g ; ] 


[1.18] 


1.3.3. Variations in the chemical potential and generalized chemical 
potential with variables 

1.3. 3.1. Variations with intensive variables 

Later we will see that through the simple application of the symmetry 
property of the characteristic matrix (see section 2.1.4), we immediately 
obtain: 



dY k 



[1.19] 


In particular, for conventional phases with several components simply 
with the couples (5, T) and (P, V), in its amounts of matter, we obtain: 


M 

dT 


= ~Sj and 


M =v 

dp 1 


1.3. 3. 2. Variations with composition 

The symmetry properties of the conventional matrix also give: 

9k] _ 9 k J 

dn j drij 


[ 1 . 20 ] 


1.3. 3. 3. Total differential 

By grouping the expressions [1.19] and [1.20], we obtain: 


dk] = -Mt.dr* 

k 


+ 


[ 1 . 21 ] 
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1.3.4. Gibbs-Dultem relation 

Since the chemical potential is a partial molar variable, we can apply the 
relations [1.11], [1.12] and [1.13] and write: 

[G]= Ikk [1.22] 

i=l 

The Gibbs-Duhem law can be written in its generalized form: 

I«,dM ~ ZX k dY k =0 [1.23] 

i = 1 k=\ 

and in its simplified form, with physical intensive variables kept constant: 

XMk] = o [1.24] 

1=1 

By taking into account the equality [1.21], this relation above gives: 


ydk] 

M dnj 


An j = 0 


[1.25] 


1.3.5. Generalized Helmholtz relations 


Let us calculate the expression 


d1jG]/T) 

dT 


8([G]/r) _ 1 3([G]) [g]_s [g\g 

dT T dT T 2 T T 2 


Let us write: 

r (s^!) = [g]+7s 


[1.26] 


[1.27] 
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% _ 1 ) is the characteristic function associated with the set of variables: 

- the amounts of matter; 

- entropy; 

- all the intensive variables other than temperature and chemical 
potentials. 


By comparison, we deduce the first Helmholtz relation: 

a([g]/r)_ r^-t) 

a t t 2 


[1.28] 


For example, in the particular case of conventional chemical phases 
(variables P and 7), it is written: 


d(G!T) _ H 
dT T 2 


[1.29] 


H is the enthalpy. 

By deriving the expression [1.28] relative to the amount n, of component 
i, we obtain the second Helmholtz relation: 

irl.-Q [ 1 . 30 ] 

dT T 2 

r(&p_[ ) is the partial molar variable relative to ) . 


With regard to conventional chemical phases, this relation is written: 


d(Mj/T) _ Hi 
dT T 2 


[1.31] 


Hi is the partial molar enthalpy of component i. 
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1 . 3 . 6 . Chemical system associated with the general system 

If we consider the phase requiring the variable couples ( T, S ), (P. T) and 
(Y k , X k ), we call the chemical system associated with this phase the identical 
phase in which the variables Y k and X k are not implicated, or in which one of 
the two variables of couples X k , Y k (chosen as the variable of the problem) is 
negligible. 

For example, a phase defined from the set of variables: P, T, and <J>, is an 
electrochemical system. The chemical phase associated would be the same 
phase under zero potential (or zero charge). The generalized Gibbs energy of 

this phase is the electrochemical Gibbs energy, denoted G and defined by: 

G = U + PV-TS-q® = U + PV-TS [1.32] 

We define the electrochemical potential as the partial molar variable 
of G for component i. 

Let us consider the state function as defined by: 


U chem -U-q0 [1.33] 

U c hem * s the internal energy of the phase of the chemical system 
associated with our electrochemical phase. 

By differentiating under zero potential, we obtain: 

d U chem =TdS-PdV + Y J M i dn i [1.34] 


/Uj is the chemical potential of i in the chemical system associated with 
our electrochemical phase. We can write: 

u, = u l + i/O [1.35] 

However, if § designates the Faraday constant and z, the electrovalence 
of component i, the charge is: 


q = Z n i z fi 


[1.36] 
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By referring to expression [1.35], the electrochemical potential becomes: 


Mi = Mi + n t z { 
i 


[1.37] 


The same for the variables mass and altitude, we define a gravitational 
chemical potential according to: 

k'] = Mi +gH" i M i [1.38] 

i 


g is the acceleration due to gravity and M, the molar mass of component i. 


1.4. The two modeling scales 

With the characteristic functions not being directly accessible from the 
experiment, there are two possible methods to calculate them: the first 
method, called macroscopic modeling, is based on the macroscopic variables; 
the second method, called microscopic modeling, is based on molecular data 
and statistical units. 

In macroscopic modeling, these functions are obtained from a certain 
amount of data including state equations, thermomechanical coefficients, heat 
capacities, variations in surface tensions, Young’s modulus and all variables 
which are classed under thermodynamic coefficients, themselves grouped 
into characteristic matrices. This will be the focus of Chapter 2, in which we 
introduce these concepts and study this method. 

Microscopic modeling is based on the statistics of collections of 
discernible or indiscernible objects, the introduction of canonical and 
molecular partition functions and the use of data about the molecule obtained 
from spectroscopy. Chapters 3, 4, 5 and 6 will develop these concepts and 
follow onto microscopic modeling. 
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Macroscopic Modeling of a Phase 


To form potential functions in macroscopic modeling, one must be able to 
calculate the characteristic function of a phase from experimental data. Here 
the challenge is to determine which experimental data must be used for a 
given phase with a selected ensemble of variables. To solve this, we will 
introduce the concepts of characteristic matrix and thermodynamic 
coefficient. 


2.1. Thermodynamic coefficients and characteristic matrices 

We will associate with each characteristic function, and thus each 
ensemble of variables, a characteristic matrix formed from the associated 
thermodynamic coefficients. A certain number of matrix properties reduced 
the number of terms needed to define a thermodynamic state. These terms 
will therefore be the only ones required to solve any problem regarding the 
transformation of the studied phase. 


2.1.1. Thermodynamic coefficients and characteristic matrix associated 
with the internal energy 

Let us consider a phase for which we have selected, as variables, those in 
ensemble S 0 , as defined in the previous chapter (Equation [1.1]) by the 
ensemble of relevant extensive variables. The state of this phase and its 
reversible evolution will be known if the internal energy U and its variations 
as a function of the extensive variables of ensemble 6 0 are fully known. 


Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
© ISTE Ltd 2015. Published by ISTE Ltd and John Wiley & Sons, Inc. 
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According to relation [1.2], we find that knowing only the intensive 
conjugate variables as a function of the variables of ensemble S 0 is 
sufficient: 

Yi=f i {X x ,X 1 ,...,X i ,...X n ) [2.1] 


Similarly, to know a particular value for each variable Y, and the terms of 
the squared matrix formed on the n 2 partial derivatives: 


K u ,(& 0 ) = 


dY, 


dx 


J h. 


[ 2 . 2 ] 


We call this matrix “M&q) matrix associated with the internal energy’ 
or the ensemble of canonical variables of U, i.e. the ensemble S 0 of relevant 
extensive variables for the phase. 


The terms K, y(6?o) defined by relation [2.2] are called the 

thermodynamic coefficients associated with the ensemble of variables Sq • 
is the definition variable of the thermodynamic coefficient and Y, is the 
definition function. 


The characteristic matrix [2.3] will be formed as follows: 

- each line is characterized by a definition variable; 

- each column is characterized by a definition function. 


The first diagonal of the matrix is composed of thermodynamic 
coefficients whose definition function and definition variable are conjugate 
variables. The matrix will be written as follows: 


3T 

dY, 

dY, 

dY„ 

dX, 

dX , 

' dX f 

' dX j 

a*] 

dY, 

dY, 

dY„ 

dx 2 

dX 2 ' 

'dX 2 

"dx 2 

dY, 

dY, 

dY, 

dY„ 

dXj 

dXj' 

'dXf 

"dXj 

dY, 

dY,_ 

dY, 

dY n 

dx n 

dx n 

dX n 

"dx n 
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2.1.2. Symmetry of the characteristic matrix 

It is easy to prove the following theorem: 

Theorem 1- The thermodynamic coefficients are the secondary partial 
derivatives of the internal energy. 

As these partial derivatives do not depend on the order of derivation, we 
deduce the following theorem: 

Theorem 2 - The characteristic matrix 9ld§o) * s symmetrical. 

Where the ensemble of relations: 

K i j(6 0 )=K JJ (S o) [2.4] 

are the Maxwell relations for the internal energy. 


2.1.3. The thermodynamic coefficients needed and required to 
thermodynamically define the phase 

According to the previous theorem, to determine the phase on the 
thermodynamic plane, the following must be known: 

- the terms of the main diagonal of the matrix; 

- either one of two symmetrical terms Kj j(S q) or K ; ;(6>o) • 

Finally let n(/7+l)/2 be the thermodynamic coefficients instead of the n 2 
terms of the matrix. 

These coefficients are clearly functions of the selected So variables, but 
these variations are not undefined; they must satisfy the Schwartz relations 
which can be written as follows: 

dK,j(& q) _ dKjjf Sp) 
dX k dXj 

So by taking these equalities into account, we find that to determine the 
phase, we must know: 
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- the variations in the coefficients of the main diagonal, each as a 
function of the definition variable: 

%(%) = g(^) [2.6] 

- the variations in the other coefficients needed (one of two symmetrical 
terms) as a function of: 

- their definition variable; 

- the conjugate variable of their definition function; 

- the definition variables of the coefficients located in the same matrix 
in the same column and higher than the coefficient considered. This is 
reflected in the functions: 

*/j(6o) = A (XoXpXj-uXj-*..,*!) [2.7] 

So, for the thermodynamic example with the ensemble of variables: 


So =(S,V) 


The characteristic matrix is: 


9K(S 0 ) 



a p' 
dS j 
a \p) 
dv , 


v 

s 


To determine the phase, the following functions must be known: 




= f 2 (V) 


and 



MS,V) or 



MS,v) 
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since the symmetry gives: 



2.1.4. Choosing other variables: thermodynamic coefficients and 
characteristic matrix associated with a characteristic function 

We have seen that the ensemble of variables fs 0 is not always best 
adapted to the phenomenon descriptions. Now, let us consider another 
ensemble of variables and ensemble S p defined by relation [1.4] which is 

obtained from S 0 by exchanging the extensive variables X u X 2 , ... X p with 
the corresponding conjugate intensive variables. S„ is therefore defined by: 


& p = {Y l J 2 ,...,Y i ,..Y p ,X p+l ,...,X k ,...X n ) 

The corresponding characteristic function is defined by Equation [1.6] 
and its differential is given by Equation [1.7]. 

The matrix of characteristic coefficients is defined by: || K t y(S p )|, whose 
terms have one of the four following forms: 


K k :j(S p y 


r dY^ 


V dY i vs 




r dx , A 


V dX kJ s 


[ 2 . 8 ] 


K itJ (S p ) = 


r dx^ 


v dY J;s 


K k,m(^ p ) : 




yg 


[2.9] 


The characteristic matrix will be defined by the following matrix product: 
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The terms £jj(S p ) of the main diagonal matrix will be equal to -1 with j 

somewhere between 1 and p, when the chosen variable is intensive, and equal 
to +1 if j is between /?+l and «, i.e. if the chosen variable is extensive. 

It is easy to prove, as in section 2.1.2 in the case of internal energy, the 
two following theorems: 

Theorem 3— The terms of the characteristic matrix are the secondary 
derivatives of the characteristic function. 

Note- The previous terms are no longer thermodynamic coefficients 
because of terms £ p (S p ) . 

Theorem 4.- The characteristic matrix is still symmetrical (which is no 
longer the case for the matrix of the thermodynamic coefficients). 

The definition [2.10] includes the particular case of ensemble S 0 
mentioned in section 2.1.3, with £ jj (& 0 ) = +1 for j- 

So, to completely determine the phase in the thermodynamic plane, we 
must determine the following in the characteristic matrix, in the same way as 
for m 0 : 

- the variations in coefficients of the main diagonal as a function of their 
only definition variable; 

- the variations in the other coefficients needed (one of two symmetrical 
terms) as a function of: 

- their definition variable; 

- the conjugate variable of their definition function; 

- the definition variables of the coefficients situated in the matrix in the 
same column and higher than the coefficient considered. 

To illustrate this, let us take the example of a phase with two components, 
1 and 2, with the following ensemble of variables: 


S 2 = (~P , T,n 1 ,n 2 ) 


in which there are two intensive variables (T and —F) and two extensive 
variables: the amounts of matter. 
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The corresponding characteristic function is the Gibbs free energy defined 
by: 


G = U + PV-TS 

The matrix of the thermodynamic coefficients is: 


K Uj {& 2) 


fds) 

(dv) 


(to) 

UtJ 

[d T j 

U T) 

Uf J 


f dV 

) f_M] 

( to) 

l dPJ 

l dP 

l ip) 

{ dp J 


( dv " 

( to ) 

(to) 

(^0«j J 

V to J 

V to j 

{ 1 J 

( ds "1 

( dv" 

f d//l ) 

(to) 

l dn 2 J 

U»2, 

U«2 J 

[to) 


The characteristic matrix is calculated from: 


9R(S 2 ) = 


-1 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 


Kij (& 2 ) 


Therefore, the characteristic matrix becomes: 


0K(S 2 )= 


05 

~dT 

)( 

dv 

dT 

){ J t 

)( 

_to 

dT 

( dS ) 

lap J 


(dV) 

it) 



" 05 "| 

v 0»1 J 


' dV ) 

,to ) 

Pa] 


(to) 
l to ) 

' 05 ^ 
dn 2 j 


( dV "| 

[to) 

( to ) 
[to J 


(to) 

l to J 


So, to define the phase in the thermodynamic plane, we must know: 

- the four coefficients of the main diagonal as a function of their 
definition variable: 



22 Phase Modeling Tools 




v a«i y 


(«i ) , 


v a« 2y 


(«2.) 


- one of two symmetrical coefficients according to the suitable variables, 
for example: 



(P,T), 


(M) 


(P,T,n { ), 


dP 


v 


( P,T,n 2 ) 


UrJ 


(T,n { ) 


dM2 

dT 


(T,n 2 ) ; 


d / l i 


(P, T , «i« 2 ) 


Note - By convention, we always put in the top left (see matrix 9ll(8>2) 
above) the coefficients associated with couples (5,J) and (V,-P), which 
always give the base variables for all other coefficients. In fact, it is easier to 
obtain the function dq IdE = f ( T ) which, as we will see, reflects the 
variation in electric permittivity according to temperature, than function 
dq/dT = f(E). 


2.1.5. Change in variable from one characteristic matrix to another 

Now, if we know the thermodynamic coefficients relative to an ensemble 
of variables, we can calculate all the other thermodynamic coefficients 
relative to any other variables, belonging to the same couples of conjugate 
variables as above. 

We will calculate the passage from the ensemble of variables S 0 defined 
by the ensemble of extensive variables: 


to the variables 6>i, which only differ from the previous by the exchange of 
variables and Yf. 

$ l =(Y h X 2 ,...,X i ,...,X n ) 

Any Yj variable for if 1 is a function in both ensembles of variables and 
therefore dfj can be expressed in two different ways: 
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- in ensemble % : 


d = Kjj (©! ) d 7j + ^ Kjj (©! ) d X j 
7=2 


[ 2 . 11 ] 


- and for dTl, in ensemble S 0 : 

n 

di l = S^U (S o) d X j [2- 12 ] 

7=1 

By inserting this differential in the first term of the second part of relation 
[2.1 1] and by identifying the coefficients of cLY,, we obtain: 

- for i ^ 1 and j = 1 : 

K i,xih) = Y^\ = ~ K u^i ) t 2 - 13 ] 


- for i ^ 1 and j > 1 : 


Ki.j(S l ) = K iJ (g 0 ) = -K lJ (S 0 ) 


Kg (go) 

^l.l(So) 


- and, of course: 


%(%) 


1 

^1,1 (S 0 ) 


[2.14] 


[2.15] 


The three relations above allow the thermodynamic coefficients relative 
to the ensemble of variables S[ to be calculated, knowing these relative to 
the ensemble of variables S 0 . Systematically, we can therefore obtain similar 
relations to move from S| to S 2 . from S 2 to S3 etc. So to move from S„ to 

S p+ j , we obtain the relations: 

- for i * p : 


K i,p(&p) ~ 


K i,p (Sp-1 ) 
K p,p (Sp-i) 


£jA & P ) 

£ p,p (Sp) 


K p,i^p) 


[2.16] 
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- for i ^ 1 and j * p : 

Kj n (S ) 

^j(^) = = - k pj$p-i K J \ 

K p,p v b p- V 

- and: 


K p , p (&p) = 


1 


K p,p(&p- 1 ) 


[2.17] 


[2.18] 


Similarly, in the opposite direction, to move from S_ to & p -\, we obtain: 
- for i ± p : 


K i,p^p- 1) - 


( s p- 1) 

K p,p (& p ) 


£ i,i(&p- 1 ) 
£ p,p^p-^ 




[2.19] 


- for / * 1 and j ± p : 


K i,j(&p- 1 ) “ K i,j(^p) ~ -KpJ^p) 


£ p,p( & p- 1 ) K i,p($p) 
£ j,j(^p -\ ) K p,p(&p) 


[ 2 . 20 ] 


- and: 


K p,p(&p) ~ 


1 


K p , p (& P -0 


[ 2 . 21 ] 


We can therefore obtain all the thermodynamic coefficients relative to the 
ensemble of variables knowing those relative to the ensemble of variables 
S„ . It is then possible to form a new characteristic matrix relative to 

ensemble . 


Note - The general relations established above are complex and a direct 
calculation method that involves choosing a variable is preferred, which acts 
as a function in the two initial and final ensembles, to write the differential in 
two different ways as shown with relations [2.1 1] and [2.12]. 
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We will demonstrate this method in the following example: we have 
selected a phase with one component a move from ensemble S 0 relative to 
the internal energy U to ensemble Si relative to Helmholtz energy: 

$ 0 =(V,S) and S, =(V,T) 

So, let us assume that the coefficients relative to the phase in ensemble 
S 0 are as follows: 

an rap'i ran f y 

asJo’l as J 0 ’ Ian J 0 ™d [ dv j o 

We aim to calculate the coefficients relative to ensemble Si, i.e.: 

ds) f_dp_) fas^ fap] 

arJrl ar^UJ^l dv) l 

First of all, we express the differential of temperature in the first ensemble 
of variables: 


ar 


as 


dr= — dS+ — dV 


dT 


dv 


[ 2 . 22 ] 


Since pressure is a function in both phases, we can therefore express its 
differential in two forms: 


dP 


as 


dP 


dV 


dP= — dS+ — dV= — dr+ — dV 


dP 


dT 


dP 


dV 


[2.23] 


With dJ form equation [2.22] in the second form of dP, we obtain: 


, i dP ^ ( dT i f dP \ ( dT ^ fdP. 

dr = | — — dS+ — — dV + \ — | dV 

dT JjUs Jo v3H Jiv3H Jo 


[2.24] 


Now let us identify the coefficients of dS and d V. Between the first 
expression of [2.23] and relation [2.24], we obtain: 

- by identifying the coefficients of dS: 
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dp ^ | _rap^i i 

arJi 


- by identifying the coefficients of d V: 



The symmetry of the characteristic matrix gives: 



And we therefore obtain: 



And the four new thermodynamic coefficients are obtained. 


2.1.6. Relations between thermodynamic coefficients and secondary 
derivatives of the characteristic function 

By deriving the expressions such as in relation [1.8], we find that one 
thermodynamic coefficient is associated with the secondary derivative of the 
characteristic function, associated with the same variables, with regard to the 
definition variable and conjugate variable of the definition function of this 
thermodynamic coefficient: 

d 2 r dY, 

dzfiZj ~ £iJ dZj 


= £ i,i K i,j 


[2.25] 
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2.1.7. Examples of thermodynamic coefficients: calorimetric coefficients 

Let us consider a reversible elementary transformation, the heat 
exchanged is expressed as a function of the variables chosen for the problem: 


dQ = TdS = X\dx x + Z 2 dx 2 +... + % i dx i +... + % n dx n 


The terms Xi are called the calorimetric coefficients. 


Therefore the calorimetric coefficients appear, as a factor of T, as 
thermodynamic coefficients whose definition function is the entropy and the 
definition variable the corresponding variable x h 

So for any x variable we obtain: 


K 


S,x 


3 S 
dx 


And the corresponding calorimetric coefficient is: 


Zx= T ir = TKs,x 

ox 


[2.26] 


For example, in T, -P variables we obtain: 
dQ = C p dT + hdP = TdS 


And therefore: 


C P 



and 




[2.27] 


2.2. Partial molar variables and thermodynamic coefficients 

The following theorem can easily be proven: 

Theorem 5— The partial molar variables are elements of the 
characteristic matrix associated with the intensive variables. 
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We will attempt to prove this theorem for a phase with two components 
and four variables, its extension to a phase with more variable couples is 
direct. Let us choose the ensemble of variables e = (T. -P, n 2 ). The 

corresponding characteristic matrix is written: 

( drf | f ds ) fJh) W fafl 

t apj t apj t apj l ap; lapj igpj [d, p) (apj 

-1 0 0(1 [gg| fdfl (%g| f dF l gag) f d/g f 

-1 0 P W W larj larj _{ dr) l arj [ arj l ar y [ 2 . 28 ] 

M"o o id fdv) fas] (d A ) (W| ~f«r') fas] fa] fa] 

0 0 0 l| ldij ldij (d^J (d^J [dy [dy [d^J 

gi gi g g g g] gl g 

[d *zj [dhj [dg [ 6 * 2 .) faj [dig IdbJ [dhj 


We obtain expression [2.28] in which the following derivatives arise: 


which is the partial molar volume of component 1, i.e. V\ ; 

P,T,n x n 2 


which is the partial molar volume of component 2, i.e. V 2 ; 


which is the partial molar entropy of component 1, i.e. 5j ; 


which is the partial molar entropy of component 2, i.e. S 2 . 

P,T,n x n 2 


2.3. Common variables and thermodynamic coefficients 

We have seen that to define a thermodynamic phase, one must know a 
certain number of thermodynamic coefficients. There is no table or ensemble 
of data that directly provide us with the thermodynamic coefficients. These 
must be deduced from other data. We will now focus on some data from 
tables which allow the desires thermodynamic coefficients to be obtained. 



dv ' 

Jp,T,n t n : 
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2.3.1. State equation 

The first ensemble of information is found, using the state equations. We 
know that such an equation links temperature, volume, pressure and amount 
of matter. If we require molar variables, the state equation for one mole takes 
the general form: 

F(P,V,T ) = 0 

It is clear that knowing this equation provides access to a certain number 
of thermodynamic coefficients, such as: 

rapi rap) ran ran 

larj/ Un/ W/ UpJ/ 

Thermodynamics does not impose a limit and some of these may be zero 
(but their signs are still valid for a stable phase as we will see in section 2.5). 

However, if we now consider the third principle of thermodynamics, 
entropy is zero at any pressure at absolute zero, that is to say, at a temperature 
of 0 K, the derivative of entropy with regard to pressure (at a constant 
temperature) is zero, and hence at this temperature, the derivative of volume 
with regard to temperature, which is the symmetrical thermodynamic 
coefficient in the characteristic matrix 91 l(—P,T ) , is also zero. 

Note- Note that the term “state equation” for an equation in the form 
F(P, V,T) = 0 is improper for such an equation does not allow a state to be 
defined, even in the two most simple cases of ensembles ( P,T and S, V). In 
fact, this function will only provide, at a temperature other than absolute zero, 
two terms of the characteristic matrix, where at least three are required to 
characterize a whole matrix and therefore the phase. 

If we assess the previous state functions linking pressure, volume and 
temperature, we find that they link the couple of conjugate variables (V and 
P) to another variable belonging to another couple: temperature. Other state 
functions have been formed in the same form. The most famous is the 
magnetic state equation of paramagnetic substances, or the Curie law, which 
links the couple magnetic moment, 911, and magnetic field, 3C , at a given 
temperature for the so-called perfect paramagnetic substances and is written 
as follows, with C being a constant: 
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911 _ C 
3C ~ T 


[2.29] 


The Eotvos law links surface area A, surface energy a and temperature T, 
with two constants: critical temperature T c and constant k: 


a A = k(T-T e ) 


[2.30] 


Note - The Eotvos law can also take the following form: 


/ 

(7 

V 


M' 

P , 


2/3 


k(T-T e ) 


where M represents the molar mass and p the volumic mass of the liquid. 

A law of the same type also exists for the stretching of rubber between the 
force applied F to a cylinder of initial length 1 0 and stretching it to 1 at 
temperature T through two constants B and the cubic expansion coefficient a 
(section 2.3.2. 1): 



[2.31] 


2.3.2. Expansion coefficients 

Several common variables, grouped under the term thermoelastic 
coefficients, are defined from the thermodynamic coefficients. 


2. 3.2.1. Cubic expansion coefficient (or coefficient of relative increase in 
volume) 

At a constant pressure, it is defined for by: 


/3 = 


1 

V\df) P 


[2.32] 


For this coefficient at the occupied volume V ( , at a temperature of 0°C: 
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A) 


1 

Vo 



[2.33] 


2. 3. 2.2. Coefficient of pressure increase at a constant volume 
It is defined by relation: 


5 


UdP_ 

p{dT 


v 


[2.34] 


Which is sometimes defined, at pressure P 0 at a temperature of 0°C, by: 


<$0 = 


1 

~Po 



[2.35] 


2. 3. 2. 3. Isothermal compressibility coefficient at constant temperature T 
It is defined by relation: 


Xt =~ 


1 

V 



[2.36] 


The minus sign has been introduced since, as we know (see section 1.1.1) 
the true intensive conjugate variable at a volume is the opposite of pressure: - 
P. 

Note - If for the considered phase there is a state equation of type fiP, V, T) = 
0, we obtain relation: 


P = s Xt p 


[2.37] 


In fact, we can write: 


PZt p 


¥ 

¥ 

¥ 

i dp 

1 dv p_ 

_ i dv 

P ¥ 

' v ¥ 

v ¥ 

dT 

dp 

dT 


P 


[2.38] 
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2. 3.2. 4. Linear expansion coefficient 
It is defined by: 



[2.39] 


Sometimes this coefficient at length / 0 at a temperature of 0°C is: 


1 




[2.40] 


Note- For an isotrope phase, this coefficient is the same in all three 
directions of space, if g is a shape factor, the volume is always written: 

V = gl 3 


r^W-=3 

U tJ dr i dr 

and therefore: 

= 3(X [2.41] 


2.3.3. Molar heat capacities 

The original definition of molar heat capacities was defined as the 
quantity of heat needed to increase the temperature of one mole of substance 
by 1°C (without any change in phase). In fact, as this heating can be carried 
out in different ways, reversible or non-reversible, usually the quantity of 
heat used, which is not a state function, depends on the heating method; it is 
preferred to define the heat capacities from the entropy function which is a 
state function according to the second principle. 

We define the molar heat capacity at constant volume and the molar heat 
capacity at constant pressure by the following expressions, respectively: 
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cy 


1 

T 



and 


C P 


T 



[2.42] 


[2.43] 


Thus, the molar heat capacities are linked to two thermodynamic 
coefficients with temperature as the definition variable and entropy as the 
definition function. 

Specific heat (Cy or Cp) is sometimes used, which represents the same 
concept, but for one gram of matter instead of one mole, i.e.: 

C y — Mc y [2.44] 


or 


Cp = Mcp [2.45] 

In the case of phase with several components there is, generally, no 
additivity of heat capacities of different compounds because there is no 
additivity of entropy. 

Using the variable change method (see section 2.1.5) we see that between 
the heat capacities at constant volume and pressure, we obtain the following 
relation: 


C p Cy — T 




[2.46] 


This is a simple change in the ensemble of variables, moving from (T,-P) 
to ensemble (T,V). 
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2.3.4. Young’s Modulus 

In the field of elastic deformation, a bar with cross-section 5 and initial 
length /o and current length /, subject to a traction force F, undergoes 
stretching and Young’s modulus is the variable: 

g = _^_ [2. 47 ] 

JT 

dF 


In general, this modulus does not need to be defined at constant pressure 
as this variable has no influence on this phenomenon. 


2.3.5. Electric permittivity 


The charge q of a capacitor is associated with the difference in voltage <p 
through its capacity c according to the equality: 

q = ccp therefore c = — [2.48] 

dtp 

Now the capacity is proportional to a shape factor g through the electrical 
permittivity of its dielectric £\ 

C = £g [2.49] 


Therefore: 



[2.50] 


Since the permittivity and shape of the 

known, the thermodynamic coefficient — is 

d</> 


region or acceleration field are 
known. 


2.3.6. Volumic and area densities of electric charge 

The volumic p and area <7 e densities of electric charges are also defined 
by the thermodynamic coefficients according to: 
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dq 

dV 


P 


[ 2 . 51 ] 


and 


dq 

dA 




[ 2 . 52 ] 


2.4. Thermodynamic charts: justification of different types 

We have seen that to describe the thermodynamic properties of a phase 
either a characteristic function or the terms of a characteristic matrix must be 
known, or a certain number of carefully chosen thermodynamic coefficients. 
The functions usable for real phases do not always take mathematically 
simple forms that allow easy manipulation as one often resorts to graphical 
representations, called thermodynamic charts. There are a large number of 
possibilities; however, the two main types of chart in use are discussed in the 
following. 


2.4.1. Representation of a variable as a function of its conjugate 

The first type covers a point that we have already mentioned, namely, in 
all cases, one must know the variation in each term of the main diagonal of 
the matrix of thermodynamic coefficients as a function of its definition 
variable. These terms are, in absolute value, the derivative of a variable with 
regards to its conjugate in the form: 


K ,.,(&,) = 


f dY^ 

\^ X i 


or K k,k(&p) = 


f dX, ' 


V dY k J s 


hence the idea of choosing as a system the axes X\ and 7; or simple 
monotone functions of Aj and Y\. On these charts we will trace the curves 
along which the other variables of ensemble f. ; , will be kept constant. 

Some examples from this family of charts in thermodynamics with the 
two couples ( T,S) and (P, V) include Andrew’s charts (P = fV)), Clapeyron 
charts (PV=f[Pj) and entropic charts (T= fiSj), as well as deformation charts 
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( F = /(/)), magnetization curves (0K = /(9C)) - charts giving the chemical 
potential as a function of composition. 

For example, we are going to consider entropic charts or (T,S) charts. 

Firstly let us consider (Figure 2.1(a)), at constant pressure, we obtain: 

dS =^dT 
T 

If C p varies little with temperature, the integration gives the equation of 
the isobar at P: 

S = Cplnr + Q 

C i is independent of temperature and therefore, since the heat capacity at 
constant pressure varies little with temperature, the isobar is a logarithmic 
curve and two isotherms are practically parallel. 

It is clear that the heat capacity at constant pressure is given by the sub- 
tangent AB. 

Now let us consider the isochoric curves (curves at constant volume). 
Their equation is given by: 

dS = °^d T 
T 

Since the heat capacity at constant volume is practically independent of 
temperature, the integration gives: 

S = C V In T + C 2 

Ci is independent of temperature and therefore, since the heat capacity at 
constant volume varies little with temperature, the isobar is a logarithmic 
curve and two isotherms are practically parallel. 

It is clear that the heat capacity at constant volume is given by the sub- 
tangent CD. 
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Now, if we compare the isobars and isochoric curves, we generally 
obtain: 

C P > C v 

We find that the isochoric curves are steeper than the isobars. 

Note that since the heat capacities of stable phases are positive (see 
section 2.5.5), isobaric and isochoric curves are always increasing for stable 
phases. 

Now we are going to show how to obtain different thermodynamic 
coefficients from the chart. We aim to calculate the different coefficients at 
point M (characterized, for example, by its temperature and pressure). 

Calculating the coefficients ( dT/dS ) P , (dT/dS) y , ( dS/dT) P and 
(dS/dT)y is clear from the tangents. For example, (dT/dS) P is determined 
simply by considering the tangent at the isobaric curve passing through M 
(Figure 2.1(a)). We immediately obtain: 

_ mb 

v asjp ~~ AB 

The three other coefficients can be easily obtained either on the isobaric 
curve or on the isochoric curve passing through M. 



Figure 2.1. Entropic chart 
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With regard to these other coefficients, an interpolation method is used, 
which we will describe by calculating the coefficient ( dV / dP) T . Close to 
point M (Figure 2.1b) we see a first couple, an isobar at P 1 and an isochoric 
curve at V u which intersect at the temperature of point M. As close as 
possible, on the other side of point M, we see a second couple, an isobaric 
curve at P 2 and an isochoric curve at V 2 , which also intersect at the 
temperature of point M and we write: 



r v 2 -vA 

v dP 

[Pi-Px] 


To calculate the coefficient ( dV/dT ) p , we choose the isobaric curve 
passing through M and look for two intersections between an isochoric curve 
and a horizontal line intersecting the chosen isobaric curve either side of M, 
and we instantly calculate: 


' dv \ 

r v 2 -vA 

ydT ) p 

{ Tl-Ti) 


The method is generalized for all other possible coefficients. 


2.4.2. Representation of a characteristic function as a function of one of its 
natural variables 

The second type of graphical representation uses as a system of axes a 
characteristic function and one of its canonical variables; we trace a network 
of curves, where each one is characterized by the value of the second 
canonical variable. 

Included within this method of representation are Mollier charts, giving 
the function of enthalpy as a function of entropy (H - S) on which isothermal 
area is found, refrigeration charts giving enthalpy as a function of the 
logarithm of pressure ( H - lnP) and physico-chemical charts giving Gibbs 
free energy as a function of the composition ( G - x). We also find charts that 
give the ratio G/T as a function of its composition. 
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We are now going to determine the thermodynamic coefficients on this 
type of diagram. We will use the Mollier chart, which is composed of an 
ensemble of isobaric and isothermic curves. 

For example, to calculate the coefficient ( dV / dS ) P , we write: 



dH] 
dS Jp 
dP 


v Js 



We consider (Figure 2.2) two isobaric curves at P 1 and P 2 , either side of point 
M and the two tangents of these isobars at points M t and M 2 on the vertical 
of M (same value of S); these tangents intersect the axis of entropies in A and 
B, respectively. The vertical line passing through M intersects the X-axis at N 
and we obtain: 

® and (W) = _5tL 

dS J Pi MjN M 2 N 
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andW ~ 

ff-1 -f-1 ] 

v dS J v dS J jo 

BN AN 

M 2 N MjN 

UsJp 

Pi -Pi 

i 

.oO 

1 

ba 


V ) 

1 

S 


We will proceed in the same manner for the other coefficients, either from 
the isobaric or isothermal curves, or both as shown above. 


2.5. Stability of phases 

For a phase to be stable, its thermodynamic coefficients must satisfy 
certain conditions. 


2.5.1. Case of ensemble S 0 of extensive variables 

£ 0 is defined as the ensemble of extensive variables in couples of variables 
appropriate for the problem. One mole of substance can be found in two 
states: 

- a first state, where the mole is fully included in a phase (a); 

- a second state, where the mole is distributed between phase (a) and 
phase (//) adjacent to the first. Between these two phases, the molar variables 
only differ by an infinitesimal quantity. 

In the second state, the phase (a) has 1 - 8£ moles and phase (f3) 8E, 
moles. E, is the fractional extent or transfer. The extensive molar values are: 



n 

such that in the first state: 


(1 - da) 8 ^ [x k ) + 8 [x k ) ^ (jcjt) = 0 
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In the second state: 

x k = (l “ <%)[ x k + 3 {a) (x k )] + d£(x k ) + S {t5 ) (; K k )J 

Now assuming X k is the same in both states, we obtain: 

(1 — <5 a)S^ a ^ [x k j + (x k ) [x k j = 0 [2.53] 

We therefore obtain p relations (p is the number of couples of variables 
involved) relations of type [2.53] with 1 <k< p . 

The internal energy in the first state is: 

U\ = [2.54] 

In the second state, the internal energy is: 

(1 -8a)S^ a \x k ) + u^8^ [2.55] 

Therefore: 

8U = -u {a) S^ + u {P) S^ [2.56] 

With U being a potential tiinction and the transformation of phase (a ) 
into phase (ft) not being spontaneous for phase (a) to be stable, we must 
have: 


d U 

dl 


> 0 


We obtain SU by calculating w a ' and 




By developing w ’ into a Mac Laurin series, we obtain: 


--» + ±^ a \^Y\±±^ a \xM a) (V) [2-57] 


k^x dx k 


2 %^ x k^j 
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And the same for u 


( 13 ). 






U+ 7 -^=_ ....... , , 

V ' 2 j^ik^i dx k dx j 
Now according to expression [2.53], we obtain: 


[2.59] 


By including the equalities [2.57], [2.58] and [2.59] in expression [2.55], 
it becomes: 

By dividing by 8^ and with 8E, tending towards zero, we obtain: 


d U 


1 P P d 2 u 
lim -££: 


J0\x k y%j) 


dg Sg-> 0 2 j=ik=idx k dxj 

The stability condition of the phase therefore becomes: 

j=\k=\OX k OXj 

The thermodynamic coefficients are the secondary derivatives of the 
function U typical for the ensemble of variables Eq and therefore: 


d 2 u 

dx k dx 


~ K j,k(& o) - K k,j(&o) 


Which gives the stability condition of the phase (a), whether it be 


dxj or dx k : 
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P P 

> 0 [2.60] 

j=\k=\ 

Let us consider the specific couple (j, k), its contribution to the previous 
sum is: 




'^fo) 


2 1 

+ ~ K k,k(&o) 


s {p) ix k ) 


+K j,k^\ x k) s ^\ x j)>Q 


[2.61] 


For the sum to be positive, the contribution of each couple must be 
positive and therefore: 


fj,k > o 


[2.62] 


With fjf. being a quadratic formula, it will be positive if the three 
following conditions are fulfilled: 

K jtj (So)> 0 [2.63] 

K k , k (h)> 0 [2.64] 

Kj y j (<S 0 )K k,k ( S 0 ) > ^k,j(^o)^j,k (%) [2.65] 


So it appears that matrix 01t(S o ), which is symmetrical, is defined as 
positive. 


2.5.2. Coefficients associated with ensemble &„ 

The ensemble of variables E n is defined by the ensemble of intensive 
variables selected as variables of the problem, i.e.: 

K ={y 1 ,y 2 ,...y„} 
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Matrix K t j (S n ) is the inverse of matrix Kj t (& 0 ) , i.e.: 


dY i =K iJ (S 0 )dX i [2.66] 

and 

dX y =^ /; .(S„)d^ [2.67] 

Therefore: 

KjM = [Ki,j(h)J l [ 2 - 68 ] 

The inverse of a positively defined matrix is itself positive, i.e.: 

- for i, we obtain: 

%(£„)> 0 [2.69] 

- for any ij couple, we obtain: 

^ (S„ )Kjj (S„ ) > Kfj (S n )Kjj (S n ) [2.70] 


Note that matrix K t j (§ n ) is also symmetrical since for i we obtain: 

2.5.3. Case of other ensembles of variables 

Through the method developed in section 2.1.5 we can move from 
ensemble to ensemble S„_i defined by: 

S„-l = {X ] ,Y 2 ,...Y n } 

We therefore establish the relations: 




[2.71] 
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K i,j ) - K i.\ (&n - 1 ) K l,j ) + K i,j ( S n- 1 ) 


^ ;,1 ( S n-1 ) - K l, j (&n- 1 ) 


= for J * 1 and J * ' 


K U^n-\) ~ 


Ku(S n ) 


From the first relation we obtain, taking into account equality [2.70]: 

*u(<V-l)>0 l- 


From expressions [2.71] and [2.73] we deduce: 


Ku&n- 1) = 


*1.1 («„) 


By applying expression [2.69] with j = 1, we obtain: 

%0vi)>o 


According to relation [2.73]: 


Now according to relation [2.78] we obtain: 

Ki , i ^ n - i ) K jJ (& n _ 1 )>0 


Therefore: 


K u (S„-i)£i ; i(S„_i) > K u x {K-\)Kx,i& n -i) 
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Now if we apply relation [2.72] to inequality [2.70] for i and j different to 
1, we obtain: 

Kjji(K-\)K u (K-x) > [^l,#„-i)] 2 + AK XA {S n ) [2.82] 

A is a quadratic form defined by: 

A=K JJ {S n _{)[K u {S n _ l )} +K u {S n _ x )[K XJ {S n _{)} 

- 2K j j(&n-\)K\ i(&n-\)K\^j(&n-\ ) 

Condition [2.82] will be satisfied if: 

Kj,j<$n-l)Kv(S n _ i) > [K u (S n _ j)] 2 [2.83] 


with A > 0 . 

Now, for A to be positive, condition [2.83] must also be satisfied. 
Condition [2.83] is the only condition that needs to be satisfied for phase (a) 
to be stable. 


2.5.4. Conclusion: stability conditions of a phase in terms of 
thermodynamic coefficients 

Step by step, we can move from ensemble S„_itoS„_ 2 , etc., hence the 
following theorem: 

Theorem 6.- The stability of a phase requires the following conditions 
on the thermodynamic coefficients (whatever the ensemble of variables & p 
chosen): 

[2.84] 


pW> 0 


[2.85] 
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2 . 5 . 5 . Example - applying stability conditions 

We are now going to take the typical simple case of an ensemble of two 
variables S>(-P,T ) , the matrix of thermodynamic coefficients is: 


0lt(S) = 



Applying the relation [2.84] immediately gives (dS/dT)p> 0 and 
therefore Cp > 0 (with the help of another ensemble S(V,T) we now also 
prove that the heat capacity at constant volume is also positive), i.e. it is 
impossible to cool down a substance by supplying heat. 

For the second term of the main diagonal, we obtain: 


f— 1 

ydP , 


T 


<0 


It is impossible to compress a substance by decreasing the pressure. 
Applying the inequality [2.85], we obtain: 


fdV' 

ydP , 


T 


' dS 

ydT 


P 


>- 


dV 

dr 


' 35 

,dP 


T 


The symmetry of the matrix gives: 

'ds) = 

\dP Jj y dT ) 


P 
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and hence the third condition: 



i 





< - 




Ur; 

p 

Ur; 

p 

U p) 


This condition is deduced by introducing the heat capacity and 
thermoelastic coefficients by: 


fdV . 

ydT) P < T 


CpfdV 


dP 


[ 2 . 86 ] 


For example, for a perfect gas the condition is represented by: 
R <C P 


We can also represent the inequality [2.86] in terms of thermomechanic 
coefficients, i.e.: 


V 2 a 1 < —z 
T 


2.6. Consistency of thermodynamic data 

When solving a thermodynamic problem, it is also important that the 
thermodynamic data, which can come from multiple sources, are consistent 
with one another. Similarly, when building a model, the laws obtained must 
also fulfill certain rules of consistency (one example of this is provided by 
the Debye-Hiickel equation for modeling ionic solutions). According to what 
we have seen in this chapter, the conditions this data must satisfy are: 

- conditions of symmetiy of the characteristic matrix (and not of the 
thermodynamic coefficients) (section 2.1.4); 

- the thermodynamic coefficients of the main diagonal of the matrix of 
thermodynamic coefficients must be positive (section 2.5.4); 

- relations of inequality between non-diagonal thermodynamic 
coefficients (section 2.5.4); 
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- particular relations between certain thermodynamic coefficients, i.e. the 
Gibbs-Duhem equation must be applied to thermodynamic coefficients that 
are partial molar variables (section 1.2); 

- relations between thermodynamic coefficients with regard to ensembles 
of different variables (section 2.1.5). 

Under these conditions the following are added: 

- extensive variables must be homogenous of 1 degree with regard to 
quantities of matter, and the intensive variables must be homogenous of zero 
degree with regard to the quantities of matter (see Appendix 3, section A3.1); 

- the partial molar variables must be intensive. 

Verifying all these properties allows us to determine whether the 
thermodynamic data collected for a phase are consistent with one another. 


2.7. Conclusion on the macroscopic modeling of phases 

Therefore from the “basic” experimental data such as a state equation or 
thermoelastic coefficients, heat capacities etc., it is possible to obtain 
thermodynamic coefficients. A double integration of equation [2.25] will 
give a characteristic function, i.e. knowing the complete thermodynamics of 
the phase studied. 




3 


Multi-Compound Phases - Solutions 


Systems with several components contained within a single phase are 
called: 

- solutions, in the case of condensed liquid or solid phases; 

- mixtures, in the case of gases that are miscible in all proportions. 

Note - we do not use the term “mixture” for condensed solutions since a 
mixture of liquids or solids may contain one or several phases, and liquids 
and solids are not always miscible in all proportions. This means that a 
system may occur whose composition is not homogeneous; it is therefore 
composed of several phases. (Note that a phase is a region of space in which 
all intensive variables are continuous functions of space variables.) 


3.1. Variables attached to solutions 

The involvement of several components in a phase consequently 
introduces new couples of intensive and extensive variables (one couple per 
component): chemical potentials and amounts of matter (see section 2.2.4), 
and then the involvement of new variables: compositions, partial molar 
variables (see section 2.3), chemical potentials (see section 2.6) and mixing 
variables. 


Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
© ISTE Ltd 2015. Published by ISTE Ltd and John Wiley & Sons, Inc. 
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3 . 1 . 1 . Characterizing a solution 

Knowing a solution means being able to express the thermodynamic 
coefficients or a characteristic function in at least one ensemble of variables. 
To study the solutions we often use the ensemble of variables consisting of: 

- physical intensive p variables (temperature, pressure, other interesting 
intensive variables for studying and using the phase, such as electric field, 
surface tension, etc.); 

- amounts of matter of each component expressed as number of moles. 

The system will be completely characterized if the function’s generalized 
Gibbs energy, G c (relation [1.9]) is known, which is written, for a solution 
with N components whose generalized chemical potentials are [//,•], in the 
differential form: 


dG G =-f j X j dY J +f j [ J u i ]dn i [3.1] 

j = i j'= i 

To determine this function, the generalized chemical potentials must be 
known as these potentials are the generalized partial Gibbs energies, i.e.: 

G c =tUk [3.2] 

i = l 

With regard to chemical systems (with the only intensive variables: 
temperature and pressure) the characteristic function is the Gibbs energy G 
which obeys the corresponding relations involving the chemical potential: 

N 

dG = -SdT + PdV + Y J M,dn i [3.3] 

(=1 

G = [3.4] 

1=1 

In this chapter, we will not distinguish between a generalized system and 
a chemical system, since the relations are the same in both cases. 
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3.1.2. Composition of a solution 

The composition of a solution gives the quantities and proportions of each 
component. In addition to expressing the quantities in numbers of moles, 
other variables are used to express the composition of a solution. We will 
now look at the main ones. 

3 . 1 .2. 1 . Molar fractions 

The molar fraction x t of a component i in a phase, which contains «, 
moles of compound i in a total of N components, is the ratio of the amount of 
compound i to the total amount of matter in the phase, i.e. : 

n . N 

x t = — — with 0 < Xj < 1 and ; = 1 [3.5] 

I ni i=l 

i=l 

3. 1.2.2. Mass fractions 

The mass fraction m i of a component i in a phase is the ratio of mass of 
this component to the total mass of the phase, i.e.: 


N 

L' 

i = 1 


m i 

m 


[3.6] 


Note that we can vary the molar fraction or mass fraction of a component 
without adding or subtracting from this component, but simply by modifying 
the amount of another component. All molar fractions and mass fractions of a 
solution vary when a certain amount of a component is added or subtracted. 

3. 1.2. 3. Concentrations or molarities 

The concentration (or molarity) C, of a component i in a phase is the 
quotient of the amount of this component per volume of the phase, i.e.: 



[3.7] 


Concentration is most commonly expressed in moles/liter. For solutions 
in which a component is in large proportions with regard to the others (often 
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called the solvent), the volume of the phase s is often confused with the 
introduced volume of the most plentiful component. The concentration of this 
solvent is often considered to be constant if a small amount of another 
component is added. 

3. 1.2. 4. Molalities 

The molality M ; of a component i with a low content in a phase (often 
called the solute) is the quotient of the quantity of this component per mass of 
main component 0 (often called the solvent), i.e.: 

. „ n i 

M,=— L- [3.8] 

m 0 

Clearly it is easy to pass from one variable to another through the 
intermediary of molar masses and/or volumic masses of different components 
in the solution. 


3.1.3. Peculiar variables and mixing variables 

An extensive variable, such as the volume of a solution, is not the simple 
addition of volumes of substances introduced when a solution is being 
constituted. Usually, a term is added only due to the mixing of substances. 

3. 1.3.1. Definitions 

Let us consider a partial molar variable J i . In a uniform solution, this 
variable is a function of the variables of the problem, i.e. some intensive and 
extensive variables belong to other conjugate couples of J. If we have one 
mole of a solution overall, by having the molar fractions x t as the composition 
variables, we can write: 


J i =J i (Y l ,Y 2 ...Y p ,x v x 2 ,...,x N ) [3.9] 

It is always possible to break down this function into the sum of two 
functions such that one only depends on the intensive variables called the 

— pec 

peculiar function J i , and the other is the function of all variables, 

— mix 

particularly composition, called the mixing function J t : 
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— — pec — mix 

Ji =J t (Yi,Y 2 ,...Y p ) + Ji (Y l ,Y 2 ,...Y p ,x l x 2 ...x N ) [3.10] 

This decomposition is not unequivocal, there are an infinite number of 
couples that satisfy the relation [3.10]. To define the decomposition chosen, 
additional information is needed. 

Often the molar value of the pure body i in the same aggregation state as 
the solution is chosen as the peculiar value, which means that if the solution 
is a gaseous mixture, i must be gaseous, since under the conditions chosen, 
the substance i does not exist in the gaseous state. The same goes for a liquid 
solution; pure i must be chosen as a liquid. For a solid solution, i must be 
chosen as a solid and in the same crystalline phase as the solution, even if this 
phase does not exist. The reference in the same condensation state as the 
solution is called the conservation of aggregation state. The decomposition 
[3.10] is therefore written: 


f =j°(Y l ,Y 2 ,...Y) + J i (Y l ,Y 2 ,...Y p ,x l x 2 ...x N ) 


[3.11] 


/■ designates the molar value of the variable for pure substance i in the 
same aggregation state as the solution. 

3. 1.3.2. Molar variables of mixing 

The operation [3.11] can also be applied to any linear combination of 
partial molar variables and particularly to the combination: 

N 

[3.1-2] 

z=l 


We call the molar variable of mixing of a solution defined by: 

[3-13] 

1=1 

This definition of the variable of mixing is applied to any extensive 
variable. Let us consider the following examples. 
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3. 1.3. 3. Molar Gibbs energy of mixing 

According to relation [3.13], the molar Gibbs energy of mixing is defined 
by: 


GT = I >, (G, -g,°) = I>, (H S°) [3-14] 

/=1 i = 1 

As the partial molar Gibbs energy is confused with the chemical potential, 
the corresponding partial molar variables for each substance in the solution 
will be in the form: 


G, =M,-g? 


[3.15] 


3. 1.3. 4. Other molar variables of mixing 

Knowing the molar Gibbs energy of mixing, it is easy to determine all 
other variables. In particular, for the molar enthalpy of mixing, we obtain: 


HI 


dT 




[3.16] 


And for the corresponding partial molar values: 


H =Hi-ti= — 


f mix \ 

G, 

T 

v j 

dT 


[3.17] 


Similarly, for the molar entropy of mixing, we obtain: 



) 


dG m,x 

dT 



And for the partial molar entropy: 


[3.18] 


S : 


H, 


T 


[3.19] 
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Variables of mixing are defined from the molar variables of pure 
components, taken as reference states. 


3.2. Recap of ideal solutions 

The concept of an ideal solution forms the basis of the macroscopic 
modeling of all solutions. We are now going to describe some macroscopic 
properties of an ideal solution. 


3.2.1. Thermodynamic definition 

We define an ideal solution as a solution in which the chemical potential 
of each component obeys the following relation: 

M i =g-+RTlnx i [3.20] 

From this definition we can deduce a certain number of characteristic 
properties of an ideal solution. 


3.2.2. Molar Gibbs energy of mixing of an ideal solution 
By using relation [3.14] we obtain: 

G? = |>, (a -g°y = R7& Inx, [3.21] 

i=i i=i 


3.2.3. Molar enthalpy of mixing of the ideal solution 
By using relation [3.16] we obtain: 


H™ x = V r . ( H, ~hf) = ^ l =0 

tti / y i i J 


[3.22] 


Therefore, the molar Gibbs enthalpy of mixing of an ideal solution is zero 
at all temperatures and all pressures. This means that the components of an 
ideal solution mix without the need for heat. 
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The same result is obtained for internal energy. The internal energy of 
mixing of an ideal solution is zero at all temperatures and all pressures. 


3 . 2 . 4 . Molar entropy of mixing of the ideal solution 
By using relation [3.18] we obtain: 

Tjmix mix N 

SZ * = - m = -R Y x. Inx, 

m rp / J l l 

1 i=\ 


[3.23] 


The entropy of mixing of an ideal solution is not zero; however, it does 
not depend on temperature. 


3 . 2 . 5 . Molar volume of mixing 

We are going to calculate the volume of mixing from the following 
expression: 


jftnix 


sg: 


dP 


= 2>.(M 


[3.24] 


Taking into account expression [3.21] we obtain: 


ymix _ Q 
m 


[3.25] 


Therefore the compounds of the ideal solution mix without any change in 
volume. This means that the volume of one mole of the ideal solution is the 
sum, weighted per molar fraction, of molar volumes of pure compounds. This 
result is valid at all temperatures and all pressures. 


3 . 2 . 6 . Molar heat capacity of ideal solution: Kopp ’s law 

The molar heat capacity can be calculated, by considering relation [3.22], 
using: 


C 


dH 


mix 

m 


= 0 


mix 


dT 


[3.26] 
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Therefore the heat capacity of mixing of the ideal solution at constant 
pressure is zero, therefore heat capacity of the solution at constant pressure is 
written: 


N 

C P ^c° P(i) [ 3 . 27 ] 

i=i 

This relation constitutes Kopp’s law. 

Note - Of the properties of the ideal solution that we have just mentioned, 
only one, the Gibbs energy of mixing, accepts the reciprocal. In fact, Gibbs 
energy is the characteristic function of the system in P,T variables. However, 
for the other functions that we have examined, the fact that one of them, for a 
given solution, has the same property as that of an ideal solution, does not 
mean that the studied solution is perfect. This is the case, in particular, for so- 
called regular solutions which have the same entropy of mixing as a perfect 
solution, without being one. 


3.3. Characterization imperfection of a real solution 

The properties of real solutions considerably differ from those of an ideal 
solution. It was found to be necessary to obtain a mean, if possible, instead of 
relying solely on this approximation and to characterize real solutions, to 
better describe their properties. 

Two methods have emerged, both of which characterize a real solution 
from its difference to an ideal solution: 

- the first method, the Lewis method, introduces the activity coefficients 
in the expression of the chemical potential in a way that preserves the form of 
the law of mass action of chemical equilibrium. This method is mainly used 
for calculating equilibria between phases of the same substance and those of 
simple chemical equilibria; 

- the second method involves variables of excess and in particular the 
excess Gibbs energy. This is the difference between the Gibbs energy of a 
solution and that of an ideal solution under the same conditions. This second 
method is mainly used when building microscopic models of solutions gives 
the excess Gibbs energy. It is also widely used for calculating complex 
equilibria which is done, through computer calculations, by minimizing the 
Gibbs energy function. 
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Clearly these two forms are ultimately equivalent via a simple expression, 
which we will establish later (expression [3.83]), which links the activity 
coefficients of different components of the solution and their excess partial 
molar Gibbs energies. 


3.3.1. Lewis activity coefficients 

Lewis refers to expression [3.20] of the chemical potential by trying to 
conserve its form. The following are introduced: the coefficient of activity y, 
a function of temperature, pressure, etc. and composition of the solution, by 
writing the chemical composition of the component i of the solution in the 
form: 


Mi = M° +'RTlny j x i 


[3.28] 


3 .3. 1.1. Coefficients of activity and reference states 

The product of the coefficient of activity and the molar fraction is called 
the activity of component ; in the solution. The activity in a real solution will 
play the same thermodynamic role as the molar fraction in an ideal solution: 

«, = Y,X; [3.29] 

The expression [3.28] introduces two functions: ff , called the reference 
chemical potential and coefficient of activity y t . In fact, this introduction 
requires another piece of data. The reference state definition is chosen by 
means of conventions. 

In practice, several conventions are introduced; three of which are 
frequently used, which we denote convention (I), (II) or (III). Each one has a 

corresponding reference chemical potential, respectively, l or 

^0(77/) j7 ac jj convention will also have a corresponding coefficient of 

activity j'- , or y\ ln ^ and an activity denoted a ] 1 ^ , a\ n) or a- /// * . 

Each time an expression is valid, whatever the reference, we omit the 
distinctive sign (I), (II) or (III). 


The value of the chemical potential of a component in the solution does 
not depend on the reference chosen, because, as the chemical potential is the 
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partial molar Gibbs energy, the Gibbs energy of the solution would depend 
on it, which would be absurd. 

Convention (I) selects as a reference the components in a pure state in the 
same aggregation state as the solution (i.e. the pure compound reference). 
This is what we selected in section 3. 1.3. 2 for variables of mixing. Under 
these conditions, the chemical potential of the reference state is the molar 
Gibbs energy of the pure compound i and the chemical potential is therefore 
written: 


M,=g?+RTln/ l 1) x l [3.30] 

This reference is used especially when the components of a solution play 
the same role and have similar molar fractions. For example, this convention 
is chosen when data covers a wide composition spectrum, ultimately passing 
from one pure substance to another. 

Convention (II) (called the infinitely dilute solution reference) 
distinguishes amongst the components of a solution, those in the largest 
proportion(s), which are called the solvent(s) and those in the lowest 
proportions, which are called the solutes. The reference state is different for 
both categories of components: 

- for a solvent, its pure state is chosen (in the same aggregation state as 
the solution) as a reference and therefore the chemical potential will obey 
relation [3.30]; convention (II) is then confused with convention (I) for a 
solvent; 

- for a solute, the reference state is an imaginary solution in which all the 
solutes are infinitely dilute. The chemical potential of the reference is 

therefore that of the solute in this imaginary solution denoted for a 
solute s. The coefficient of activity of the solute s in this imaginary solution 
is equal to 1. For solutes, the activity tends towards 1 as the molar fraction 
tends towards zero; the chemical potential is therefore written: 

M,=M“+'RTlny ( , n) x, [3.31] 

The coefficients of activity with reference solute (I) (pure compound) and 
with reference solute (II), (infinitely dilute solution) are linked since the 
chemical potential of the solute does not depend on the chosen convention. 
We can therefore write: 
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ju s = g° + R Tin y[ ,) x s = + R Tin f s n> x s [3.32] 


From which we can deduce: 


In- 




/a) 


M s ~g, 
R T 


■ In K ; , 


[3.33] 


The constant K !H linking the coefficients of activity expressed in the two 
conventions: pure compound and infinitely dilute solution, for a solute, does 
not depend on the solution composition but does depend on the values of the 
intensive variables (pressure, temperature etc.) by means of chemical 
potentials of the reference states. The variable K jH is called Henry’s law 

constant (see section 3.4). 

We have seen that for a solvent, both conventions are identical. 

Note- In a solution with more than two components, nothing prevents us 
from considering several solvents and several solutes. 

The convention (III) distinguishes between the solvents and solutes: 

- for the solvent, the reference convention (III) is identical to the 
reference (I) pure compound, and therefore the chemical potential of the 
solvent is always given by relation [3.30]; 

- for a solute, we write that the coefficient of activity is equal to 1 for a 
solution containing 1 mole per liter of each solute. The chemical potential of 
the reference state is that of the solute in this solution containing 1 mole/l of 
each solute. The chemical potential of the solute is therefore written: 

A=^+R Tln/rc s [334] 

Note- It is not impossible, that in some cases of low solubility, the 
reference solution with one mole per liter of each solute is imaginary since it 
is impossible to create. This does not detract from the fact that the convention 
requires only that the solvent and solutes of the reference solution be in the 
same aggregation state as the solution, even if it is an imaginary state. 

Convention (III), molar reference solution, is mainly used for ionic 
aqueous solutions, even though in the previous case, the reference chosen is 
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often the solution whose molarity tends towards zero, which does not change 
the chemical potential of the reference state ■ 

There is clearly a relation between the coefficients of activity expressed in 
this convention (III) and those from other conventions. For the solvent, this 
relation is clear since the three conventions are identical; therefore, all the 
coefficients of activity are equal regardless of the convention chosen. 

For solutes, we have already seen the relation between the coefficients of 
activity in conventions (I) and (II) (relation [3.33]). Let us examine the 
relation between the coefficients of activity expressed using the diluted 
reference solution (II) and those from the molar solution convention (III). 

By defining the molar fractions (relation [3.5]), by assigning 0 to the 
solvent and s to the solutes, we can write: 


x, _ n s 


x 


0 


[3.35] 


So, the volume of the solution is, according to the partial molar volumes 
of the components, given by: 

V = n 0 V 0 +^ s V s [3.36] 

S 


And therefore by using relation [3.7] it becomes: 


c; =^= 


«o K + Z n s K x 0 V 0+ Z x s v s 


[3.37] 


But if the solution is sufficiently dilute and if Vq designates the molar 
volume of the pure solvent, we can write: 


I 


x,v s « x 0 r 0 =v 0 = v 0 


[3.38] 


The molarity can therefore be approximately written as: 
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C = — 

— o 
v o 


[3.39] 


The chemical potential does not depend on the reference state chosen and 
by considering relation [3.39], we obtain: 

ju s =Ms (m) +RTln/ s IIO C s =M7+RTIny < s III C s +RTlnv° 0 [3.40] 

Hence, by identifying: 

M° ,ln> =M7 +RTlnv° 0 and //”> =/“> [3.41] 


So in a sufficiently diluted solution, the coefficients of activity, in the 
conventions infinitely dilute solution reference (II) and molar solution 
reference (III), are identical for both the solvent as well as the solutes. 

3. 3. 1.2. Relation between the coefficients of activity of the components of a 
solution 

For any given convention, we know that according to the Gibbs-Duhem 
equation, with constant external intensive variables (temperature, pressure, 
etc.), the chemical potentials obey the Gibbs-Duhem equation [1.24]. 

By dividing by the total number of moles n, we obtain: 

N 

=0 [3.42] 

7 = 1 


By differentiating expression [3.28] with constant external intensive 
variables, we obtain: 


d Mi = RT d In y i x i 

So, applied to inequality [3.42] we obtain: 

TV N TV 

y x.d In Yj Xj = T, x : d In y t +'^x j d In y i = 0 

(=1 i=l i=l 


[3.43] 


[3.44] 


Now it is clear that according to relation [3.5] we obtain: 
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N 

^ Xjd In x t = 0 

1=1 

[3.45] 

From which we deduce: 


N 

^ x t d In y. = 0 

i=i 

[3.46] 

Thus, if we know for each solution composition, the coefficients of 
activity of all the components in a convention, except one of them, relation 
[3.46] allows the unknown coefficient of activity to be calculated in the same 
convention. 

3. 3. 1.3. Influence of temperature on the coefficients of activity 

Let us consider chemical systems. 


Expression [3.28] of the chemical potential of component i 
can be written as follows: 

of the solution 

U. Ll° 

— = — - + R hi y. + R In x 

T T 

[3.47] 

According to the second Helmholtz relation [1.31]: 


dT T 2 

[3.48] 

Similarly, this relation can be applied to the reference state of the 
solution, i.e.: 

— 

l 7 J H i 

dT ~ T 1 

[3.49] 

h\ ] is the partial molar Gibbs energy of component i in the reference 
state, at temperature T. By inserting expressions [3.48] and [3.49] into the 
equality [3.47] after derivation, we obtain: 
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dlny, 

dT R T 2 


[3.50] 


This relation [3.50] shows that the coefficient of activity varies with 
temperature, at constant pressure and composition. 

The numerator of the right-hand side of expression [3.50] generates a 
difference, which represents the variation in Gibbs energy when one mole of i 
is transported, at constant pressure and temperature, from the real solution 
studied into the solution in the reference state. We must imagine that a large 
amount of solution is transported without the compositions of either solution 
being modified. If we look at convention (I), it is clear that this difference is 
the inverse of the Gibbs energy of mixing. 

3. 3. 1.4. Influence of other intensive variables on the coefficients of activity 

If we choose an intensive variable Y, conjugate of the extensive variable 
X, we know that the variations in generalized chemical potential of a 
component i with this variable Y is in the form: 


9 [«] TT 


[3.51] 


Xj is the partial molar variable corresponding to variable X. 


Applying the same relation to the reference solution, we obtain: 


a[> 0 ] 

dY 



[3.52] 


By including relations [3.51] and [3.52] in relation [3.28], after derivation 
we obtain: 


dlny i _X*-X i 

dY RT [3.53] 

Such a relation can be applied, for example, to the influence in pressure in 
a chemical system in the form: 



Multi-Compound Phases - Solutions 67 


dlny i _ Vf-V, 
dP R T 


[3.54] 


V: and V,° are the partial molar volumes of component i in the real 
solution and in the reference solution, respectively. 

3. 3. 1.5. Another expression of the chemical potential in a condensed solution 

If we consider a condensed solution, liquid or solid, and we define, by 
analogy with the coefficient of compressibility of a phase, the coefficient at 
constant temperature is: 

— i dV 

Z,=~=— [3-55] 

V oP 

Let us assume that this independent variable, pressure, is small enough 
that the usual pressures are always: 

Z,P«l [3-56] 

By integration, the expression [3.55] becomes: 

K=K( l ~*p) [3-57] 


Vi is the partial molar volume of component i extrapolated at zero 
pressure. 

By applying relation [3.52] to the variable pressure (-P), it becomes: 


dp 


[3.58] 


And by integration at pressures between 0 and P, we obtain: 


tf(T,P)-M!(T,0) = V,P 


\_z£ 

v 2 


[3.59] 


/ 
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i.e. 

M l !(T’°) = t l l (T) [3-60] 

With T]j(T) being a function of temperature, relation [3.59] is written: 

M l (T,P) = p/T) + lfp 

This relation separates the variables pressure and temperature in the 
expression of the chemical potential of the component i in the reference state. 
This separation is used for condensed solutions, which are often considered 
to be incompressible except at very high pressure, where relation [3.61] is 
applied. For gases, this separation of variables is expressed in a different 
manner. 

3. 3. 1.6. Influence of composition on the coefficients of activity 

The thermodynamic coefficients, whose definition function is a chemical 
potential and the variable, the amount of a component, are of two types: 

- diagonal terms, for which the chemical potential and amount of matter 
are relative to the same component: 3 ft, / 3 . We know that these terms are 
positive if the phase is stable (see section 2.5.4); 

- symmetrical terms, of the form 3// ( - / 3 for which the chemical 

potential is relative to the component i and the amount of matter is relative to 
another component k. These terms are equal two by two (matrix symmetry), 
i.e.: 


1 - 


X,P 


+ RJ In Yfr 


[3.61] 


dju t _ dju k 
dn k 3 «, 


[3.62] 


First of all, let us examine the symmetrical terms; by derivation we can 
write: 


0,« 3 )i i 3x,. 3 jUj dx k 3 jll 3 ftj 

3 n k 3x,. 3 n k dx k 3 n t j;/zifk 3 Xj 3 n j 


[3.63] 
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Now, by deriving the relation [3.28], we obtain: 


dx. 


= R T 


d In y, 1 

dx. x. 


[3.64] 


and = R T 

dx. 


f d In Yj 1 ^ 

v dx k x , 


[3.65] 


Sotv, =— therefore = 

n 0/7, n~ dn . n 


[3.66] 


By referring to expression [3.65], we obtain: 


du ; _ RT 

dx k n 


dlnYi 3 InY, 


v d*k 


7=1 


dx 


j J 


[3.67] 


If we apply the symmetry relation [3.62], we can write: 


3 In Yj 


-x- 1 


3 In Yj 3 In Y k 


dx k jrf J 3 Xj 


dx, 




3 ln Y k 


/=i 1 dXj 


[3.68] 


For this identity to always be satisfied, regardless of the type of solution 
or composition, it is necessary that: 




7=1 ' dx j 


dX; 


[3.69] 


This is only possible if, for each couple i, k, we have: 
3 In Yj 3 In Y k 


dx. 


dx. 


[3.70] 


And by referring to equality [3.67], we obtain: 


3 fL R T 
dn k n 


din Yj 
v dx k 


-1 


[3.71] 
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Now, let us examine the diagonal terms: 
d^_ = d^_dx J _ + yd^i j _dx L 

dn j dx t c)n i jti dxj dn j 

So, by proceeding as above and by taking relation [3.68] into account, we 
obtain: 


dn j 


Rrf 3 In y, 
n ^ dx t 



[3.73] 


We observe that, according to expressions [3.71] and [3.73], the 
thermodynamic coefficients associated with the chemical potentials and 
amounts of matter, are known if we know the variations in coefficients of 
activity with the molar fractions. 

3. 3. 1.7. Ideal solutions and coefficients of activity 

We defined an ideal solution from relation [3.20], i.e. stating that the 
coefficient of activity in convention (I) (pure reference compound) was equal 
to 1 at all temperatures, all pressures and all compositions. We will show that 
this causes all coefficients of activity, regardless of the convention chosen, to 
be equal to 1 for an ideal solution. 

Indeed, if the component i is a solvent, since its coefficient of activity 
does not depend on the convention, we obtain: 

/o V = /o /I) = rr ) = 1 [3-74] 

If component i is a solute, designated by s, according to relation [3.46], 
we obtain: 


xd In / 0 n> + ^ x t d In y[ " 1 = 0 


[3.75] 


For this equality to be satisfied in all cases, we require that: 


din/" 1 =0 i.e. In = constant 


[3.76] 
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But ifx, tends towards 0, Y^' tends towards 1 and therefore the constant 
of relation [3.76] equals 1: 

=1 [3.77] 

In the same way we show that: 

// /I> =1 [3.78] 

Thus, for an ideal solution, all coefficients of activity of all components 
are equal to 1 whatever convention used. 

Note - The reciprocal of this property is not true. In a solution, the property 
= 1 does not necessarily give Ys^ = 1 and therefore the solution is not 
necessarily ideal. 


3.3.2. Characterizing the imperfection of a real solution by the excess Gibbs 
energy 

A second method, which is used most often, to define a solution, is to 
define its difference from the ideal solution by the excess Gibbs energy. 

3. 3. 2.1. Definition of excess variables 

Let us consider an extensive variable J of a solution; we call J * the value 
this variable would have under the given conditions of temperature and 
pressure if this solution was ideal. We call this excess value of /the variable 
J xs defined by: 

/"=/-/* [3.79] 

J xs is characteristic of the difference between our real solution and an 
ideal solution. 
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With this variable being extensive, it therefore corresponds to partial 
molar variables, relative to each component of the solution, defined by: 


J x - 


a r 

3 n. 


J P.T.t 


[3.80] 


We can use this definition for different extensive variables and we will do 
this for Gibbs energy, entropy, enthalpy and heat capacity. 

3. 3. 2. 2. Excess Gibbs energy ; 

For a solution, the excess Gibbs energy will be according to the 
definition: 

g™=g-g- [3 . 81] 

So, the molar Gibbs energy of the solution can be written: 

G m =!>,//, =X[v,(g,° + Rr/nx,.+Rr/« r ; /j )] [3.82] 


Similarly, for an ideal solution, this molar Gibbs energy would be: 


G* n =EU(g,° +^Tlnx i )\ 

i=l L J 


[3.83] 


From this we deduce the excess molar Gibbs energy of the studied 
solution: 


g: = ln n 


in 


[3.84] 


If the excess Gibbs energy is known, the solution is completely 
characterized. If we add the Gibbs energy of the ideal solution (relation 
[3.21]) and those corresponding to the Gibbs energies of each pure 
compound, we obtain the Gibbs energy of the solution which is the 
characteristic function with our choice of variables P, T and composition. 
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By applying relation [3.80] to the Gibbs energy, it immediately becomes, 
for the excess partial molar Gibbs energy of component i: 


GY = R T 


; //; v dlny J 


[3.85] 


So, from relation [3.46] we deduce: 


& 


3 In Y 


a) 


3 n, 


= 0 


[3.86] 


Thus defining excess partial molar Gibbs energy of component i: 
GY = RT In yY> 


[3.87] 


The relation [3.87] links the solutions described by the Lewis method of 
coefficients of activity and the excess Gibbs energy method. Both methods 
are therefore equivalent. 

3 . 3 . 2 . 3 . Excess en tropy 

We know that entropy is linked to Gibbs energy by the relation: 


3 T 


[3.88] 


By applying this relation to excess variables, for the excess molar 
entropy, it becomes: 


s:=rZ 


31n y (I> (I ^ 

-T — \ny° 

3 T 


[3.89] 


And for the excess partial molar entropy of component i: 


SY = R 


3 T 


[3.90] 
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This relation can also be obtained by deriving the relation [3.89] with 
regard to the quantity «, as well as by applying relation [3.88] to expression 
[3.87]. 

3. 3. 2. 4. Excess enthalpy 

To calculate enthalpy, we will use either the definition of Gibbs entropy, 
or the first Helmholtz relation [1.29]. We obtain the following expressions: 
for excess molar enthalpy: 

N 

#;=-rI 


x,T‘ 


din y\ 


O) 


dT 


[3.91] 


And for the excess partial molar entropy of component i: 
Hf = -R T 1 


n2 dlnyj 12 


dT 

3. 3.2. 5. Excess heat capacity 

By using the definition of molar heat capacity at constant pressure: 


[3.92] 


C p =T 


as; 

ydT , 


[3.93] 


By using expression [3.89] we can calculate: 


-T 


d 2 ln/ f n dlny[ /j ^ 


dT 2 


— 2 - 


dT 


[3.94] 


Of course, other excess variables, such as for example excess volume, can 
be calculated from relation [3.84]. 


3.3.3. Other ways to measure the imperfection of a solution 

We have seen two equivalent methods to characterize the imperfection of 
a solution: via the coefficients of activity and the excess Gibbs energy. On 
rare occasions, we find other methods; we will briefly describe two of them 
in this section. 
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3. 3. 3.1. The osmotic coefficient method 

This method essentially applies to solutions in which a distinction is made 
between the solvent and solutes. When taking into account an imperfection, 
the following relation is written for a solvent [3.30]; in place of the activity 
coefficient in the logarithm, we can introduce a corrective term according to 
the logarithm and write: 


M 0 =g° 0 +g 0 RTlnx 0 


[3.95] 


go is called the osmotic coefficient of the solvent. 

Of course g 0 — » 1 if x Q — » 1 . 

If we consider a dilute solution with only one solute s in the previous 
solvent, we can use the following approximation: 

In x 0 = ln(l - x s ) = -x s [3.96] 

By comparing this with relation [3.30] we obtain: 

lnrr*o =~g 0 x , [3-97] 

This relation shows the equivalence between the coefficients of activity 
and osmotic coefficient methods to describe a real solution. 

3. 3. 3.2. The coefficient method 0 

If the solution is not dilute, the relation [3.97] is no longer valid, but we 
can still express the activity in an equivalent way by writing: 

In Yo U) x 0 = ~@ 0 x s [3.98] 

d> 0 is called the practical osmotic coefficient relative to the solvent. It is 

a function of different variables, pressure, temperature and composition. So, 
we obtainO 0 — > g 0 if x s — » 0 . 
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3.4. Activity of a component in any solution: Raoult’s and Henry’s laws 

Let us consider component i in a solution whose molar fraction x varies 
between 0 and 1 at a given temperature and pressure. In the pure compound 
reference, the activity of this compound will be given by: 

a!' 1 = [3.99] 

If we make x tend towards 1, we know that y^' tends towards 1. 
According to expression [3.20], a solution, for which the coefficient of 
activity (convention (I)) equals 1, is an ideal solution. Therefore, when the 
molar fraction of a component tends towards 1, the behavior of this 
component tends towards that of an ideal solution; this is what we call 
Raoult ’s law: 

lim a (/) =x [3.100] 

Xj — >1 

Figure 3.1 shows a curve representing the variation in activity of a 
component of a solution with composition. Raoult’s law for which the 
activity (convention (I)) is equal to the molar fraction is represented by the 
bisector at the origin called Raoult ’s straight line, tangent to the curve for 
x=\. 

Now let us examine the behavior of the same activity of i when the molar 
fraction of i tends towards zero. The solution then behaves with regard to i as 
an ideal dilute solution. Such a solution is defined by a coefficient in 
reference (II) which equals 1. Its coefficient of activity in reference (I) will 
therefore be given by relation [3.33]; the activity of i in convention (I) in an 
infinitely dilute ideal solution is: 

Mma^=K„Xi [3.101] 

Xj —. >0 

Henry’s constant K jH is independent to the composition and therefore 
has a well-determined value when pressure and temperature are fixed. So, 
when the molar fraction of a component tends towards zero, its activity tends 
towards a value proportional to its molar fraction, this is Henry’s law. This 
law is represented by Henry’s straight line in Figure 3.1, a straight line with a 
slope of K iH . 
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Figure 3.1. Activity of a constituent in a solution- a) with a positive deviation 
with regard to Raoult - b) with a negative deviation 


The solution that corresponds to the curve in Figure 3.1(a) is called a 
positive deviation with regard to Raoult’s straight line (y 1 ’ >1) and a negative 
deviation with regard to Henry’s straight line. However, the curve in 
Figure 3.1(b) corresponds to a solution with a negative deviation with regard 
to Raoult’s straight line (/'* <1) and positive with regard to Henry’s straight 
line. There are also solutions for which the activity curve intersects Raoult’s 
straight line moving from solution with a positive deviation with regard to 
Raoult’s straight line to a solution with a negative deviation with regard to 
Henry’s straight line or vice versa. 

A tendency of molecules in components 1 and 2 to attract leads to 
solutions with a negative deviation with regard to Raoult’s law (/ !) <1) 
whereas the tendency of molecules to repel leads to solutions with a positive 
deviation with regard to Raoult’s law (y (I) >1). 


3.5. Ionic solutions 

Ionic solutions have several differences compared to molecular solutions 
whose main source comes from inter-ionic forces greater than those that exist 
between molecules, particularly over long distances. 
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3 . 5 . 1 . Chemical potential of an ion 

If a solution contains ions next to neutral molecules (of a solvent for 
example), these ions are components of the system and we must assess their 
chemical potentials. We know that the chemical potential is confused with 
the partial molar Gibbs energy and because of this, it is obtained from 
calculating a partial derivative with regard to the number of ions of a species 
keeping constant the temperature, pressure and also the amounts of other ion 
species present in the solution. In the case of charged particles, such as ions, 
it is impossible to vary the number of ion species by keeping the number of 
all other ion species constant since the solution will no longer be electrically 
neutral. 

This challenge is not unique to the chemical potential but can also be 
found for all partial molar variables that call on the same type of partial 
derivatives. We are going to attempt to circumvent this issue. 

For this, let us consider a solution of potassium chloride in water. 
Macroscopic thermodynamics, which is not concerned with the state of 
potassium chloride in water, helps us define the following, without 
ambiguity: 

- the chemical potential of the solvent (water) : /u 0 ; 

- the chemical potential of the solute, potassium chloride ju s . 

The Gibbs energy of the solution being: 

G = n 0 ju 0 + n s ju s [3.102] 

This Gibbs energy is perfectly defined at a given pressure and 
temperature. 

Now let us imagine that our solution is composed of the following 
species: 

- the solvent, water, with the chemical potential p 0 ; 

- CP ions amount n 2 ; 

- K + ions also amount n 2 ■ 
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The partial derivation of the definition of a partial molar variable 
introduces a virtual term in the chemical potential; this can be written in the 
following form 

g t = g° +RT\ny i C i +t i [3.103] 

1 1 represents an undetermined term, y t is the activity of ion i (choosing for 
example convention III). The Gibbs energy of the solution is therefore 
written: 

G = n^+n 2 (g° Kt +g° cr +RT\ny K X Kt y cr C cr ) + n 2 (t (r +t Rt ) [3.104] 

The value of this Gibbs energy, perfectly defined by expression [3.102], 
is real. This means that the imaginary terms are eliminated and therefore: 

n 2 (t C r +t K 0 = O t 3 ' 105 ^ 

It is as if we had retained, as an expression of the chemical potential, the 
relation: 

/u t =ju° +RT\ny i C i [3.106] 

Although this expression may be false it can be used in all linear 
combinations generating real values such as Gibbs energies. 

For ionic solutions, it claims to express chemical potentials in terms of 
molar concentrations (or molarities), but we have seen that for sufficiently 
dilute solutions, the molar concentrations are proportional to the molar 
fractions (see expression [3.39]); we can therefore replace the concentrations 
with molar fractions provided that the chemical potential of the reference 
state is appropriately modified. The downside of this substitution is that it can 
only occur for insufficiently diluted solutions, which makes coefficients of 
activity variable even for an ideal solution. However, ionic solutions stop 
behaving perfectly well before the approximation [3.39] becomes no longer 
tolerable and the coefficients of activity will be variable regardless whether 
the values are modified or not. 

We will assume that the coefficient of activity of an ion should tend 
towards 1 when its concentration tends towards zero, i.e.: 
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Y -> 1 if c — > 0 


[3.107] 


3.5.2. Relation between the activities of ions and the overall activity of 
solutes 

Let us consider placing an electrolyte with the chemical formula A V B V 

into solution. Its Gibbs energy is given by the relation [3.102] but also by 
applying relations [3.103] and [3.106], this energy is also written: 

G — n 0 /u j + n s (v + f A + P_A) j [3 108] 

By identifying the two expressions [3.102] and [3.108] of G, we obtain: 

/*s= v + Ma +v -Mb [3.109] 

We can write an equivalent relation for the reference variables: 

M*=vy A +v_t4 [3.110] 

Thus deducing: 

r s c s =(r A c A r(r B c B y- [3.ni] 

This equation links the molecular point of view to the ionic point of view. 


3.5.3. Mean concentration and mean ionic activity coefficient 

Methods to measure the activity coefficients cannot deduce individual 
ionic activity coefficients due to the indetermination that we mentioned 
above (see section 3.5.1). It is also worth introducing, for an electrolyte 
A v B v , the concept of the mean activity coefficient, defined by: 


l/(v + +V_) 


r± = (r + v+ r . v - ) 


[3.112] 
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We can also define the mean concentration by an equivalent relation. If C 
is the molar concentration of the solute, the concentrations of different ions 
(for completely dissociated strong electrolytes) will be: 


C + = v + C and C =v_C 


And the mean concentration will be: 


c ± =c( 


v:*v 


\i/(i'+ +>'-)» 


[3.113] 


[3.114] 


The mean activity coefficient obeys the same convention [3.107] as the 
individual activity coefficients. 

In particular, for a 1:1 electrolyte such as KC1, we obtain v + = v_ = 1 
and the previous expressions take the following forms: 


II 

,o 

II 

o 

II 

n 

[3.115] 

r± = {r + r ) V2 

[3.116] 


In the case non-completely ionized electrolytes, there is the simultaneous 
presence of molecules and ions, linked by the ionization equilibrium: 

A V B V <=> -^A~ A +^A" b 

Z A Z B 


Applying the law of mass action gives: 


y+ V- 

a zl a z ' B =K [3.117] 

Constant K is fixed at a given pressure and temperature. 

As activities are only defined by a close proportionality factor, Lewis 
proposed a convention for non-ionized molecules such that the equilibrium 
constant K is always equal at 1 at a given temperature and pressure. Lewis 
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showed that it did not matter whether the ionization levels were known since 
the differences in Gibbs energy had the same value as the molecule whether 
ionized or not. Therefore the activity can be considered to equally represent 
both that of non-ionized parts and that of the entire solute. Here, weak 
electrolytes are treated as above in the case of strong electrolytes. 


3.5.4. Obtaining the activity coefficient of an individual ion 

We have already shown that the experiment only allows us to determine 
the mean activity coefficients. If we could determine the activity coefficient 
of a single ion, we could deduce that of all other ions step-by-step. To do this, 
Mac Innes benefitted from the fact that in potassium chloride, the chloride 
and the potassium ion have the same charge in absolute value, the same 
electronic structure and therefore the same size and the same mobility but 
slightly different masses, and therefore worked out that they should have, in 
the same solution, the same activity coefficient. From the mean activity 
coefficient of potassium chloride, we can deduce those of individual ions 
using the relation: 


Y a - ~ V K * = Y± [3.118] 

The results show that monovalent ions have roughly the same activity 
coefficient and that the activity coefficients are influenced by the 
electrovalence of ions and by the presence of other ions giving rise to what 
we call ionic strength. 


3.5.5. Ionic strength 

We have just seen that the activity coefficient of ions was influenced by 
the presence of other ions. The experiment shows that it is not necessarily the 
concentration that is influenced but a variable introduced by Lewis and 
Randall: the ionic strength. 

This ionic strength is defined by the relation: 


I 



[3.119] 
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The sum is extended to all ions presents in the solution. 

Note that if the solution only contains a salt A v B v , the ionic strength is 
proportional to the concentration, i.e.: 

I = \(vA+vA)C [3.120] 

This introduction allowed Lewis and Randall to determine the values of 
the activity coefficients of some individual ions, in different solutions. Some 

9 - 4 - 

are given in Table 3.1. Me“ designates a bivalent cation with a metal origin 
such as alkaline earth metals, magnesium, copper, cadmium or zinc. 

We see that the values of the activity coefficients of the ions essentially 
depend on the ionic strength of the medium and the electrovalence of the ion. 


Nature of the ion 

Ionic strength (moles/1) 

0.001 

0.01 

0.1 

H + 

0.98 

0.92 

0.84 

OH - 

0.98 

0.92 

0.81 

cr , Br“, r 

0.98 

0.92 

0.79 

Na + 

0.98 

0 .92 

0.80 

K + , Rb + , Cs + 

0.98 

0.92 

0.79 

Me 2+ 

0.78 

0.60 

0.34 

SO4- 

0.77 

0.56 

0.26 

CIO 3 , BrOj , IO 3 

0.95 

0.85 

0.61 


Table 3.1. Values of activity coefficients of individual ions 


3.6. Curves of molar variables as a function of the composition in binary 
systems of a solution with two components 

We are now going to assess the properties of the curve representing a 
molar variable (volume, entropy, enthalpy, Gibbs energy etc.) of a solution 
with two components, according to the composition of this solution. As an 
example, we will take the Gibbs energy. 




84 Phase Modeling Tools 


Let us consider a solution with two components A and B. x is the molar 
fraction of component B; that of component A is therefore 1-x. We know that 
the partial molar Gibbs energy is the chemical potential. The molar Gibbs 
energy of this solution, reduced to one mole of the mixture, is therefore 
given, according to expression [3.4], by relation: 

g »,=-% + ( 1 - i )/ / a [3.121] 

By differentiating this expression and by taking into account the Gibbs- 
Duhem equation at a fixed pressure and temperature, we obtain: 

dG m = dx+// A d(l-x) [3.122] 



Figure 3.2. Gibbs energy of a binary solution according to the composition 


Figure 3.2 shows a curve representing the molar Gibbs energy of a phase 
according to composition at a fixed pressure and temperature. 

According to relation [3.122], the derivative of the molar Gibbs energy 
with regard to the variable composition is therefore: 

dG„, 


dx 


Mb Ma 


[3.123] 
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This derivative is the slope of the tangent to the curve at composition 
point x. The equation of such a tangent is written: 

y = mx + b 

With, for the slope, according to relation [3.123]: 

m = ju B - ju A [3.124] 

At point M, and composition point x M the equation of the tangent will 
therefore be: 

G mi M) = (/* B _ /^B ^ )Aw + b 

By identification we find: 

b = Mx 

The new equation of the tangent being: 

G„(M) = (Mb ~ Ma ) x Ma 

We see that this tangent intersects the axes x = 0 and x = 1 at two points P 
and Q such that: 

BP = jU A and AQ = jU B [3.128] 

So, the tangent to the curve of the molar variable at composition point x 
intersects, on both vertical axes x = 0 and x = 1, two segments whose lengths 
are respectively the values of the corresponding partial molar variables for 
the chosen composition. This method of determining the chemical potentials 
is called the tangent method. 

This property is true regardless of the molar variable chosen. This can 
therefore be applied when determining any partial molar variable of a binary 
solution, form the curve giving the integral molar variable according to the 
molar fraction. 

In the case where one of the components is very dilute, for example when 
x tends towards zero (we tend towards the pure component B), the slope of 


[3.125] 


[3.126] 


[3.127] 
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the tangent to the curve can be written by clarifying the chemical potentials in 
relation [3.119] and an ideal behavior for B and an infinitely dilute behavior 
for A, we obtain: 

K =gB+Rrinx-//X+Rrin(l-x) [3.129] 

When x tends towards zero, this relation tends towards . We can show 
the same for x = 1 the slope of the tangent tends towards infinity. Thus, the 
tangents to the curve of the molar Gibbs energy at points x = 0 and x = 1 are 
vertical. 



4 


Statistics of Object Collections 


Microscopic thermodynamics is a branch of statistical mechanics which 
are only concerned with thermodynamic applications. It is a way of 
describing a system from the entities that compose it; these entities may be 
called atoms, molecules, etc. It links macroscopic thermodynamic properties 
such as thermodynamic functions, thermodynamic coefficients, etc. to the 
microscopic properties of matter. This link is based on two hypotheses: that 
of the atomic structure of matter and that of the mean value. 


4.1. The need to statistically process a system 

4.1.1. Collections, system description - Stirling’s approximation 

The first hypothesis of microscopic thermodynamics is that of the atomic 
structure of matter and the application of laws of quantum mechanics. 

If we consider, for example, a phase contained in volume V limited by 
boundaries called the system, usually a collection with a large number of 
objects is needed to describe this system, since these objects are so small that 
it is often necessary to apply the laws of quantum mechanics. 

In fact, these objects are of very different natures: molecules, atoms, 
electrons, nuclei, protons, and neutrons with interaction bonds existing 
between different objects, i.e. very local or global interaction energies. 

We therefore see that, from the description above, the system can be 
described as a number of objects but the definition of elementary objects is 
not required a priori. 


Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
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Let us consider a container containing a certain amount of hydrogen gas. 
We can macroscopically define the system in at least three different ways: 

- a collection of H 2 molecules, which under “normal conditions” do not 
interact with one another; 

- a collection of hydrogen atoms with paired interactions; 

- a collection of electrons and protons with complex interactions over 
short distances. 

The experiment shows that the best choice, that whose problems caused 
by the microscopic approach are more easily resolved, is that whose objects 
in the collection have the fewest interactions between them; hence why in the 
previous example, we chose the molecular description. 

If our container now contains a liquid mixture of alcohol and water, we 
would choose to describe the system by a double collection of water 
molecules and alcohol molecules. This description would not only cancel out 
the interactions between particles but would reduce these to three types over 
a short distance: interactions between two water molecules, between 
molecules of alcohol and between one molecule of water and one molecule of 
alcohol. 

However, to determine certain properties of a metal, the best description 
often involves choosing a collection of electrons accompanying a collection 
of ions. 

In the case where collections have a large number of objects such as 
molecules of one mole of a gas, i.e. 6.02x1 0 23 molecules, we often find that 
the factorials of these large numbers, for which we can often use Stirling’s 
approximation, can be written as follows for a large number /?: 

ln« ! = n (Inn - 1) = n In n [4.1] 


4.1.2. Statistical description hypothesis 

Statistical thermodynamic reasoning is also based on a second hypothesis 
called the average value hypothesis, which states: 

- having listed all the accessible states (or complexions) of a given 
collection, with each state being characterized by its own independent 
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function, consistent with a given energy level, the value (Q'j of the ensemble 
of property Q, likely to characterize the equilibrium state described, is the 
average of all accessible states of the values of Q by giving a unit statistical 
weight to each state, which can be written as follows: 


(Q) = 


z 

z 


accessiblestate 


Q 


l 

accessiblestate 


[4.2] 


The denominator of the previous fraction represents the number of 
accessible states. 


4.1.3. The Boltzmann principle 

The state of the previously defined collection is constantly changing, such 
that over time the collection is distributed thereby its objects may find 
themselves in different states. The number of complexions is the number of 
distributions of objects between the different states that they are likely to 
take. Of all the possible distributions, there is one that is the maximum of the 
number of complexions. The Boltzmann principle states that the number of 
complexions corresponding to the most probably distribution type is almost 
equal to the total number of complexions and vice versa. The state of the 
collection therefore always corresponds to the maximum of complexions, 
which we call the thermodynamic probability or dominant probability. 

This means that the distribution curve of the number of complexions 
between the different states shows a sharp peak corresponding to the 
maximum containing almost all the states. 


4.2. Statistical effects of distinguishable non-quantum elements 

First, we will consider a conventional approach. Initially we will only 
consider non-quantum objects, i.e. for which laws of conventional mechanics 
suffice to deduce their properties. 


4.2.1. Distribution law 

Each element has an energy 8, and the number of elements with this 
energy is The total number of elements will be N, i.e.: 
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N = Z n ‘ 


[4.3] 


The total energy is therefore: 

E = Yj H i £ i 


[4.4] 


The number of complexions, i.e. configurations in the set of elements, is 
denoted Q. 

The mean energy of an element is (<f) and, by applying the relation [4.2], 
we obtain: 


E 

N 


[4.5] 


The non-quantum elements composing the ensemble are distinguishable. 
Now, let us assume that each element only corresponds to one state, i.e. the 
statistical weight is equal to 1. The number of possible repartitions is the 
number of permutations with repetition (see Appendix 3, section A3. 4.2. 2) of 
N objects (here, elements) with n 0 , ti\ , «,• that are similar but also 

separately identifiable, i.e. enumerating objects. We can change the N\ 
elements in N distinct ways; however, since the n 0 elements with energy 
e o can be changed without changing the whole system, the results must be 
divided by n 0 ! ; and also by « x ! , n 2 \, etc. The number of 

complexions corresponding to our distribution is therefore: 


Q, = 


N\ 

n 0 \n l \n 2 \...n i \... 


[4.6] 


Continuing this calculation, we will now assume that the number of 
elements is very high. Under these conditions, we can use Stirling’s 
approximation [4.1] on numbers N, n u n 2 , etc. 

Relation [4.6] therefore becomes: 


In £2 s N (in N - 1 ) - ^ n i (In n t — 1 ) = N In N - ^ n t In n f 


[4.7] 
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We are now going to apply the Boltzmann principle by trying to find in 
which case the number of complexions £2 or In £2 is at its maximum. 

We are therefore aiming to find the maximum of function lll£2 given by 
expression [4.7], subject to two constraints [4.3] and [4.4]. For this, we will 
use the method of Lagrange multipliers (see Appendix 1) in this case with 
two constraints and multipliers, a for constraint [4.3] and /3 for constraint 
[4.4]. We therefore arrive at the following solution: 

\nnj = -a - fie, [4.8] 

which can be written in the form: 

n t = exp (-a) exp (-/?£]•) [4.9] 


We have assumed that only one state existed for energy e i , when in fact 
there are several; several states g ( - can correspond to each energy level e ; . 
An element therefore has g,- chance more of occupying level e t than if 

there was only one corresponding state. The probability is therefore 
multiplied byg ; , and we say that this state is degenerate. g ; - refers to the 

statistical weight or the coefficient of degeneracy or the multiplicity’ of the 
energy level e . So, for the number of objects in state i it becomes: 


«/ = Si ex P (~a) exp (-/?£•,• ) 


[4.10] 


Appendix 1 (see section A1.3) presents two methods to determine the 
values of the multipliers. We will use a specific value to determine a and a 
known phenomenon to determine fl where or is a dimensionless number 
whereas fi is the inverse of an energy. 


4 . 2 . 2 . Calculation of a 

We are going to determine or by using equality [4.3], i.e.: 


N = 'Tj n i = ex p(-«)X giexp ( _ ' /?f ') 


[4.11] 
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And so: 

exp(-etr) = = — [4-12] 

2, Si ex p(-^,-) 

i 

This value confirms that the coefficient O' is in fact a number. 

From expression [4.10], we obtain the Boltzmann distribution: 

„ t - [4.13] 

i 

This distribution can also be expressed in terms of the fraction of the 
number of elements in state i: 

_ »j _ g,-exp(-^g,-) [ 4 14 ] 

^ X g ‘ ex P(-/? £ ;) 

i 

Let us now determine coefficient fi 


4.2.3. Determining coefficient fi 

We are going to use the second method mentioned in Appendix 1 (see 
section A1.3), in which we use a Lagrange multiplier coefficient to determine 
coefficient fi found in different distributions. 



Figure 4.1. Height distribution of gas molecules under the action of gravity 
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Here, we consider an isothermal column of a unit section, containing a 
gas with a molar mass of M and split this column into small elements. Each 
element has a height dz and is situated in the z section (Figure 4.1). 

The energy, here the energy of gravity, corresponds to an element is £,, 
such that: 

£i = mgz [4.15] 

Here, the energy levels are very close together and their discontinuous 
distribution can be replaced by a continuous one and so that that the 
statistical weight of states corresponding to the layer with a thickness of dz is: 

gi = K dz [4.16] 

K is a constant (for a given gas at a given temperature). The number of 
molecules 8 n i , with energies between mgz and mg(z + dz ) , is, by applying 
expression [4.10]: 

5 n i = Kdz exp(-ar) exp (-/3mgz) [4.17] 

Let p be the number of molecules per unit volume (molecular 
concentration). Since the column has a unit section, we obtain: 



[4.18] 


Using expression [4.17], this concentration becomes: 

p = exp(-a)K exp(-/?mgz) = /t 0 exp(-/?mgz) [4.19] 

Po is constant for a given gas at a given temperature. 

Relation [4.19] gives the result deduced from the Maxwell-Boltzmann 
distribution. 

We can now proceed to a direct calculation. The difference in pressure 
(dP) between the upper and lower part of element dz corresponds to the 
weight of this element, with M as the molar mass and C the molar 
concentration of the gas: 
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-dP = CMgz 
If the gas is ideal, then: 
P-CRT 


dP=RTdC 

Using equation [4.21] it becomes: 

dc_^ dz 

C R T 


The integration of this expression gives: 
Mgz 


C = Cq exp - 


RT 


If m is the mass of the molecule of gas, k B and N a are the 
constant and the Avogadro constant, respectively, such that: 


M = mN. 


and 


k B - 


R 

N„ 


Equation [4.24] becomes: 
C = C 0 exp 


f mgz ^ 

V k B T J 


By definition we obtain: 


[4.20] 

[4.21] 

[4.22] 

[4.23] 

[4.24] 

Boltzmann 

[4.25] 

[4.26] 

[4.27] 


p = CN 


[4.28] 
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And finally: 


f 

P = A) exp 

V 


mgz \ 


w 


[4.29] 


With both relations [4.19] and [4.29] being identical, by identifying /?we 
obtain: 


P = 


1 


[4.30] 


This variable is homogeneous to the inverse of an energy and therefore 
depends only on temperature. 


4.2.4. Energy input to a system 

The total energy of a group of particles of the same species can be 
written: 


U-U{0) = E = Y j n i s i 

i 


[4.31] 


The variation in this energy, during a reversible transformation, will have 
the form: 


d U = ^ d Sj + ^ £j d Uj 


[4.32] 


Note that a modification in the total energy of a group is due to two 
factors: 

- either a modification in the element energies (from to 

£j + d £j ) which corresponds to the first term in the previous relation; 

- or a change in the population at a given level (change from n t to 
n t + d tij ) which corresponds to the second term in the previous relation. 

When a system is heated, the energy levels e, are unchanged but their 
population n, is modified. When the system exchanges work, this time the 
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energies are modified. So, in expression [4.32], during heating, only the 
second term is modified. 


4 . 2 . 5 . The Boltzmann principle for entropy 

As we have just seen, when a system is heated at a constant volume, the 
energy levels do not vary; therefore, without any modification other than 
heating, the variation in energy of the ensemble will be given by the heat 
involved in a reversible transformation, which corresponds to the first term in 
the second part of equation [4.32]: 

d U = Y j e i dn i = dQ rev =TdS [4.33] 


From this, we deduce the variation in entropy of the ensemble in a 
reversible transformation: 


dS = jY, £ j dn i 

i 


k B fiY; £ i dn i 

j 


[4.34] 


By combining relations [4.7] and [4.8], the variation in the most 
probable configuration is: 


3 In £2 
dll; 


+ CC + — 0 


[4.35] 


Then, we deduce: 


0£i = 


3 In £2 

3 Hj 


-a 


[4.36] 


Using relation [4.34], it becomes: 
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As the amount of matter is fixed in each element, we obtain: 


=0 


[4.38] 


And therefore: 


dS = k B £ 


v dn i 


d rij = k B dlnfl 


[4.39] 


By integration between a state with a unit complexion and the actual state, 
we obtain: 

5 = 5 0 +k B InQ [4.40] 

If T decreases, according to Planck’s law, the entropy decreases and if T 
tends towards zero, there is only one configuration, that corresponding to the 
fundamental state, i.e. f2 = l and lnO = 0; the term So is therefore zero, 
which is consistent with the third principle of thermodynamics and the 
entropy of the system becomes: 

5 = k B In [4.41] 

This is the Boltzmann formula. This formula is featured, as an epitaph, on 
Boltzmann’s tomb. 


4.3. The quantum description and space of phases 
4.3.1. Wave functions and energy levels 

Now let us take the example where our collection of particles requires, in 
order to be described, the use of quantum mechanics and a stationary state 
that satisfies Schrbdinger’s equation of the system. We know that to solve 
this equation, we must determine the energy values E, called eigenvalues, 
that lead to acceptable wave functions 1 , which are the solution to the 
previous equation, called eigenfunctions. In fact, the energy values found can 
be quite close and numerous with the need to consider an energy interval 


1 The term “acceptable” refers to the fact that wave functions must have certain 
properties: to be hermitic, of an integrable square, etc. 
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between E and E + d E, called an energy level. This level may have several 
corresponding eigenfunctions. This level will therefore correspond to a state i 
containing g, solutions, which has a statistical weight g, or that degenerates g, 
times. 


4.3.2. Space of phases: discernibility of objects and states 

Let us consider a collection of N identical “quantum” objects each with 
three degrees of freedom (e.g. one punctual gas molecule). To define the 
movement of these objects, we must first define the three spatial coordinates 
and the three quantities of movement (or three velocity components), i.e. a 
total of six coordinates in a space with six dimensions. In this space, called 
the quantum space, an object is defined by a point. For N objects, we use an 
hyperspace with 6N dimensions, called the Gibbs’ space of phase. In this 
hyperspace, it is a system state which is represented by a point. Each 
ensemble defined constitutes a complexion of the system. 

In fact, according to the Heisenberg’s uncertainty principle, we cannot 
accurately give the state of a particle by a point in a six dimensional space 
because the uncertainty in this space gives a hypercube with a side equal to 
the square root of Planck’s constant h. This uncertainty prevents us from 
accurately defining the state of the system as the previous hypercube leads to 
a hyper-parallelepiped called a Heisenberg region in the space of phases. 
Over time, the system continuously evolves and we are unable to distinguish 
two objects that are simultaneously in the same hypercube, hence we cannot 
know if an object that enters the hypercube is the same as that which left 
passing to the next complexion. Two objects belonging to the same 
hypercube in the space with six dimensions belong to the same Heisenberg 
region in the space of phases. Supposedly, the particles are indiscernible and 
we are unable to completely follow their evolution. 

Of course, if the objects concerned are not “quantum” objects, 
Heisenberg’s principle no longer applies and the evolutions can be followed 
from one state to the next; the objects are supposedly discernible. We will 
find an example of this in our study of a canonical ensemble. 


4.3.3. Localization and non-localization of objects 

Let us consider an ensemble composed of quantum objects such as 
molecules, atoms, punctual defects of a solid and of nuclei, protons, electrons 
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and neutrons that we will group under the name “molecules” to specify that 
these are quantum objects. If each of these molecules limits displacements in 
a specific region of space such that two molecules never belong to the same 
Heisenberg region in the quantum space, these molecules are said to be 
isolated. This is due to the fact that they become discernible since none of 
these molecules can be continuously tracked over time. Therefore, a 
collection of isolated molecules is a collection of discernible particles. 

If we consider the three states of matter, the molecules of a crystallized 
solid constitute localized, and hence discernible, molecules. However, an 
ensemble of molecules of a gas or liquid constitutes ensembles of non- 
isolated, and hence indiscernible, molecules. 


4.4. Statistical effect of localized quantum objects 

Let us consider an ensemble of N localized, and hence discernible, 
molecules, such that its volume V, total energy E and the number N remain 
constant. In a given state, each molecule has an energy £,, with the states 
being degenerated g, times. We often call this collection a microcanonical 
ensemble. We can therefore write: 

N = X ", [ 4 -4-2] 

i 

and 

£ = t 4 - 43 ] 


We will find that, in the same case as in section 4.2, the number of ways 
our N elements can be arranged in the space of phases is given by an 
expression in the same form as inequality [4.6] where we can now assume 
that each energy level has several corresponding states g, for e i . The 
probability is therefore multiplied by g ; - , the same for each element, and for 

all elements, factor g . In total, the number of complexions is: 
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Q: 


n 


n i ! 


[4.44] 


This is the same Maxwell-Boltzmann statistic and we can therefore write: 
= gi exp ( -a ) exp ( -/?£,• ) [4.45] 


and 


n 

Pi =T7 


Si ex P {_ P £ i ) 

■A I ^, exp 


[4.46] 


The coefficient (3 has the same value as above (see section 4.7) and the 
coefficient a is deduced in a similar way to equation [4.12] by: 


exp (-a) ■ 


N 


2> ex p(-^ 


[4.47] 


and the law of distribution of our discernible molecules will be: 


_n t _ gj exp ) 
Pl N Eft exp (-^ 


[4.48] 


Note - The sum that appears in the denominator in expressions [4.47] and 
[4.48] is called the molecular partition function, defined by: 

z = X^' exp (“^ : ') ^ 4 ' 49 ^ 


4.5. Collections of non-loealized quantum objects 

In this section we will consider collections of indiscernible, and hence 
non- localized, objects. 
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4.5.1. Eigen symmetrical and antisymmetric functions of non-localized 
objects 

Let us consider a collection of N objects with weak interactions between 
one another. Schrodinger’s equation for the ensemble of the collection will 
be: 


A a ' LLl JL ) 

In 3x| ) \ 2n dx 2 J 



<E = 0 


[4.50] 


The eigenvalue is in the following form: 

E = £ (7 +£ t + ... + £ 0) [4.51] 

Two indices cr. t ... ft; are never equal. 

This ensemble corresponds to a series of N ! eigenfunctions obtained by 
permutation (see Appendix 3, section A3. 4. 2) of objects 1, 2, ... A between 
the indices of eigenvalues cr. t, ...CO. An example of such a function would be: 

^ = (M*i) + M*2) + - + ^«(*a) [4-52] 

For systems respectively degenerated g a g T ,..., g® times, the total number 
of eigenfunctions will be N ! g a gr ■■■ geo- 

Finally, if we consider the complete general eigenvalue: 

E = + ftr cy + ... + ri(X)£(i) [4-53] 

where the individual eigen-solutions are grouped into n a , n T ... /7 fU ways, such 
that: 

N = n G +n T +... + n (0 [4.54] 

A series of N\l n a \+n T \+... + n m \ eigenfunctions obtained by permutations 
exists, an example of which would be: 
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'*'= W<j(X\ )+■■■ + V<t(\ ) + ¥ r (\+\ )+••• + V T (\+n r )~V 0 M [4.55] 


The total number of degenerated eigenfunctions is therefore: 

n a \+n T \+...+n (0 \ [4.56] 

Any linear combination of these eigenfunctions is also the eigenfunction 
for the same value of energy, such that linear combinations can be formed in 
a number equal to the number of independent eigenfunctions and used in 
their place. 

We show that eigenfunctions, such as those given by relation [4.55], of a 
series of similar systems, after reorganization into linear combinations, are 
necessarily grouped into a certain number of groups, A, B, S etc., defined 
from their properties of symmetry. These groups possess an interesting 
property: no force and no symmetric interaction, with regard to the 
coordinates of similar systems, can modify the assembly of an eigenfunction 
of group A\ for example, in an eigenfunction of another group B. So, if an 
assembly is initially represented by an eigenfunction of group A, it will 
always be defined by the same and only these states will be accessible. 

From groups A, B, S, we distinguish: 

- the symmetrical group for which the eigenfunctions are symmetrical 
throughout the whole system and called group .S'; 

- the antisymmetric group of group A whose wave function takes the 


form of the determinant: 



Va(x\) Va^l) 

¥(j( x n ) 


VA X \) Vt( x 2) 

Wt( x n) 


Ww( x l) Wco( x l) 

Ww( x n) 


For group S, we use the same determinant but with minus signs instead. 

We find that for symmetrical wave functions (group S), the objects can 
occupy any state in any number, whereas for antisymmetric wave functions 
(group A), there can only be one object in a given state (e.g. electrons 
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according to the Pauli exclusion principle). So, the number of complexions 
will be different in both cases and each will correspond to a particular 
distribution: 

- for type S wave functions, Bose-Einstein statistics will be applied; 

- for type A wave functions, Fermi-Dirac statistics will be applied. 

In practice, Bose-Einstein statistics concern particles with zero or full 
spin: photons, a-particles; whereas Fermi-Dirac statistics concern particles 
with half-integer spin: electrons, protons, neutrons. 

As far as molecules and ions are concerned, they are composed of p 
protons, n neutrons and / electrons: 

- if n + p + / is an even number, that is to say if the sum of spins is an 
integer, the system is symmetrical and Bose-Einstein statistics is used; 

- if n + p + / is an odd number, that is to say if the sum of the spins is a 
half-integer, the system is antisymmetric and Fermi-Dirac statistics is used. 

As these systems do not change symmetry, a system can therefore be 
considered to be composed of either a mixture of protons, neutrons and 
electrons, or a mixture of atoms with the same symmetry, or an ensemble of 
molecules still with the same symmetry, or a group of molecules with the 
same symmetry. The ensemble of objects that corresponds to the minimum 
interactions between objects is always chosen. 


4.5.2. Statistics of non-localized elements with symmetrical wave functions 

We saw that for symmetrical wave functions, Bose-Einstein statistics is 
applied. 

In this case, we can only distribute N objects into the groups /?, , n 2 , ■■■ 
n j in one way since they are indiscernible. Then, the n t identical objects are 
distributed between g i energy states and represented by g ,■ cases (Figure 
4.2) and are therefore separated by g, - 1 bars. We can swap n , objects and 
gi - 1 bars, i.e. «/ + g, - 1 objects, and consequently ensure («,■ +g t — l) ! 
permutations. 
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Figure 4.2. Arrangement of /;,• indiscernible balls between g f cases 


The indiscernibility of objects and bars remains to be discussed. If a 
permutation of objects is carried out when the bars and the population of 
cases are fixed, nothing changes as they are indiscernible. As there are n , ! 
corresponding permutations, the number of permutations calculated above is 
nf. times greater. It is(g ; -l)! times larger for the bar permutation. The 
number of permutations of/; ; objects in g t cases or n particles in g ; - 
states is therefore: 


i n i +g; "I)! 
»iKgi ~ !)! 


[4.58] 


The total number of complexions is therefore: 

-(»/+g/-l) ! 


^ BE ~ 


n 


— i)i 


[4.59] 


We will now apply Stirling’s formula [4.1] to relation [4.59], which 
requires that the numbers andg,- be very large, g,- in particular. This is 

true in the case of molecules when the temperature reaches IK. At very low 
temperatures, if there is only one simple level, we would obtain g ( - = 1 and 

the same for levels immediately above; however, above IK, the number of 
molecules in the lower levels is so small thatg, is considered to be very 

large. 

We will also omit 1 with regards to n t andg,- , and, by passing through 
the logarithms, we obtain: 

ln °-BE = Yu [("' + g i ) ln ("i +8 ‘)~ n i ln n i - Si ln Si ] [ 4 - 6 °] 

i 

By varying the number of molecules in quantity 5 n ,■ , and by 
differentiation, we obtain: 
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51n L2 BE - ^ 


In 


f "i +gi ^ 


[4.61] 


By proceeding as we have done previously, we will obtain three relations: 


In 


n i+Si 


8 rij = 0 


[4.62] 


Y 8 n i = 0 


[4.63] 


Y £ i 5 n i = ° 


[4.64] 


Again, we will apply the Lagrange multiplier method with two conditions 
(see Appendix 1) and therefore two coefficients. Let a be the coefficient 
relative to the number of molecules and ft the coefficient relative to energy. 
We obtain the solution: 


, x _ gi exp (-a -/?£-, ) 
{ni ’ BE 1-exp (-a-fc) 


[4.65] 


We will cover this later on (see sections 4.7 and 4.8) on values of or and /?. 


4.5.3. Statistics of non-localized elements with an asymmetric function 

We have seen that in the case of asymmetrical wave functions Fermi- 
Dirac statistics is applied. 

In this case, the objects can only be distributed in one way between the 
levels S\, e 2 , ... £\. Then, the identical //, particles are distributed between g ; - 
states, but as in Fermi-Dirac statistics, there can only be a maximum of one 
object per case, which means that the number of cases must be greater than 
the number of objects and therefore: 


gi > >h 


[4.66] 
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We have g ( - possibilities to place the first object, g ; - - 1 possibilities for 
the second andg ( - - + 1 for the n/ h , i.e. a total number of possibilities: 


g/(g/ ~ l )(Si -«,■-!) 


g/! 

(gi-«/) ! 


[4.67] 


Having counted the objects, as they are indiscernible, we can swap them 
in any form without changing anything. We must therefore divide the 
previous number by n t !, i.e. for the distribution of »,■ objects in g ; cases: 


Si ! 
(g/ 


[4.68] 


We must restart the process for each species i, therefore the total number 
of complexions will be: 


—in - J”! 


Si'- 


(g; -«/) 


! «.• ! 


[4.69] 


To discern the distribution law, we will proceed in exactly the same way 
as above to obtain: 


gj exp (-« -/fe;) 
1 FD 1 + exp (-a -/?£,) 


[4.70] 


Note - We can summarize the three distribution laws of quantum objects 
[4.45], [4.65] and [4.70] in the form: 


g,- exp (-a - /?£•,. ) 

! + £• exp {-a - fis i) 


[4.71] 


agreeing that e has the value: 

- s= 0 in the Maxwell-Boltzmann distribution for localized particles; 

- e= -1 in Bose-Einstein statistics for non-localized integer spin particles; 

- £=+l in Fermi-Dirac statistics for non-localized half-integer spin 
particles. 
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4.5.4. Classical limiting case 

The three quantum statistics combine, if, in fact, we satisfy the condition: 
exp(-«r-/fe ; ) «1 [4.72] 

Now, /3 and £, are both positive and the previous condition is reduced to: 
exp(-«r)«l [4.73] 

therefore a must be very large. 

Under these conditions, the three laws combine to form: 

«/ = g{ exp (-or - /3s i ) [4.74] 

This is the limit known as the classical limiting case, which maintains the 
Maxwell-Boltzmann distribution formula. 

If expression [4.73] is satisfied such that N«z , given by relation [4.49] 
and since /? and £, are positive, then we obtain: 

-<2>, [ 4 - 75 ] 

i 

And finally: 

■V«2>, [4-76] 

i 

The classical limiting case occurs when the number of particles is far 
lower than the number of possible states. In practice, this occurs with gas 
molecules if the temperature is not too low. 


4.6. Systems composed of different particles without interactions 

Now, let us assume that our system is formed of a double collection of 
molecules of two different species A and B, and that these molecules are 
completely independent. 
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For example, this case will occur if the system is composed of two 
constituents belonging to two different phases. Flowever, this can also be the 
case for two constituents belonging to the same phase without interaction 
between the molecules. 

The total number of complexions in our system is given by the product of 
the number of complexions of both sub -ensembles: 

n A 3=0 A n B [4-77] 

The appropriate statistic is applied separately to each sub-ensemble, 
which each behave as if they were independent. 


4.7. Unicity of coefficient (3 

Whatever the statistic chosen, both for microcanonical ensembles and for 
quantum systems, the Lagrange multiplier method introduces two multiplier 
coefficients, which we have not characterized for the different statistics: (3, 
relative to energy, and a, relative to the number of objects. 

For coefficient a, it is determined every time by writing that the number 
of particles is equal to N. In the case of a mixture with several constituents, A, 
B, C etc., by number of molecules, N A , N B , N c etc., each constituent will have 
an a value: a A , a B , a c , etc. 


For coefficient (3, we have implicitly assumed that it will have the same 
value for all the statistics found. We are going to describe this property. 

Let us consider a mixture of two families of particles, 1 and 2, without 
interaction obeying two different quantum statistics. The total number of 
complexions is, according to equality [4.77], the product of the complexions 
of two sub-systems: 


Q, = Q, l (n i )Q, 2 (n k ) 


[4.78] 


By switching to logarithms, it becomes: 


In F2 = In Qj («, ) + In Cl 2 ( n k ) 


[4.79] 
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Q must be maximum, thus: 
din £2 = 0 
which is written: 


d In £2i d In £2o 

> d m + / -d/?,, = 0 

^ dn, f? dn k 


[4.80] 


[4.81] 


i=l 


k = 1 


This time we have three constraints given by the relations [4.82], [4.83] 
and [4.84]; two constraints on the numbers N\ and N 2 of particles in two sub- 
systems and one constraint on the total energy of the system. The three 
parameters a h a 2 and /?give: 


N, 


X"; = 1 - e - X d "<=° 

i=\ i = 1 

N 2 n 2 

X n k = N 2 1 ' e - X d H k = 0 


k = l 

N, 


k = 1 


N, 


N, 


X £ i n i + X £ k n k = U Le - X £ ‘ d + X £ k d n k = 0 


[4.82] 


[4.83] 


[4.84] 


i=i 


A- = l 


;=i 


k = 1 


By applying the Lagrange multiplier method (Appendix 1) we deduce: 


X 

i=l 


3 In Qj 


■«i +/?X 


d H; + 


' N 2 

X 

k = 1 


3 In Q 2 

dn k 


+ a 2 + /?X £ k 

k 


A n k =0 

[4.85] 


With the numbers /?, being independent from numbers we can 
simultaneously deduce the following: 


N, 


3 In £2. ^ 

£-*r + 0 i+/, 2 >' 


i=\ 


Am = 0 


[4.86] 
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^ 3 In 


N : 

S 9n k 


- + (X.2 + 




d n k = 0 


[4.87] 


The numbers n, are independent of one another: 


*i 

s 


d In 
3« ; - 


+a\ + (fy^i 

i 


= 0 


[4.88] 


Similarly, the numbers n k are also independent of one another: 


AT, 


2 ^^ 


k = 1 


[4.89] 


We see that if we solve these two equations, each in its own statistic, /3 
would have the same value. 

So, the value of coefficient /3 is the same regardless of the statistic applied 
and is therefore given by expression [4.30]. 


4.8. Determining coefficient a in quantum statistics 

Whereas coefficient ft is universal, coefficient a, relative to quantities of 
matter, will be specific to each species of element and each statistic used. In 
order to calculate coefficient a from the total number of molecules: 

£ n t = N [4-90] 

/=i 


When calculating this in Bose-Einstein (relation [4.65]) and Fermi-Dirac 
(relation [4.70]) statistics, it is impossible to determine this coefficient. We 
must therefore settle for a limiting development in N/z in the form: 


N A 


exp(-«r A ) = a 0 + flj — — + a~> — — 

Z A J 


Ns 




+ #3 




V -A 


+ ... 


[4.91] 
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Laborious calculations show that the «, coefficients of this development 
are: 

a 0 =0;a,=l ; « 2 = ± -1^ ; a 3 = [4.92] 

In coefficient 02 , the “+” sign is applied with Fermi Dirac statistics and 
the ” sign with Bose-Einstein statistics. 

If we place this development in the most probable distribution, it 
becomes: 

- in Bose-Einstein statistics with «, » 0: 



[4.93] 


- in Fermi-Dirac statistics with the conditions g,» 77 , » 0: 



[4.94] 


In the classical limiting case, we know that the three statistics merge and 
are given by relation [4.74]. If or is large then we are limited to the first term 
of the development [4.91], which gives: 

exp(-a A )s^ [4.95] 

We have therefore defined three statistics used for well-defined 
collections of particles. These three statistics can, under certain conditions, be 
reduced to just one, the classical limiting case. We will use these statistics to 
study collections of molecules , in the most general sense, represent phases. 




5 


Canonical Ensembles and 
Thermodynamic Functions 


In Chapter 4, we saw statistical methods to process collections of 
quantum or non-quantum objects. Now, we will assume that not only the 
entropy as the Boltzmann theorem reveals, but all the thermodynamic 
properties of a constituent can be accurately obtained by considering that this 
constituent is in fact a collection of many identical quantum objects. 
Similarly, a mixture with several constituents will be considered as many 
collections of quantum objects. So, we thus move onto the concept of non- 
quantum ensembles with an infinite number of system reproductions under 
well-defined conditions: a canonical ensemble. 


5.1. An ensemble 

We are going to specify the meaning of the term “ensemble” in the field 
of statistical thermodynamics, whose definition will be a bit more precise in 
this context than in everyday language. 

An ensemble is an identical replica of a system. This replica is imaginary; 
the ensemble does not physically exist, which allows us to readily choose the 
number of elements Ne, as many as one wishes, or if needed, to make it tend 
towards infinity. The ensemble has the energy E e and contains a certain 
number of elements ttj whose energy is Ej. The ensemble could be considered 
a collection of non-quantum objects, or elements, and we can describe the 
configurations or complexions of the ensemble. 


Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
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There are several types of ensembles used in statistical thermodynamics 
(see section 5.6). The ensemble that we will mainly focus on in this chapter is 
called a “canonical ensemble”. 


5.2. Canonical ensemble 

Canonical ensembles are widely used; they are particularly well-adapted 
to the microscopic description of solid or fluid phases, which must be studied 
in detail. 


5.2.1. Description of a canonical ensemble 

We call a canonical ensemble an ensemble (in the previous sense) 
composed of replicas of the studied system; each element is closed, therefore 
the number of molecules N is identical in all elements of the ensemble. This 
number is also constant in the same element (no exchange of matter between 
elements and between elements and the external environment). The volume V 
is the same for all elements. The elements are in thermal contact with one 
another and can therefore exchange energy; their temperature is identical T. 
The total energy of the canonical ensemble will be E c . This energy is 
constant since the ensemble is isolated from the external environment. 

Each element has an energy Ej and the number of elements with this 
energy is nj. The total number of elements of the canonical ensemble will be 
N c , such that: 

^C=I>/ t 5 ' 1 ] 

j 

The total energy of the canonical ensemble is therefore: 

E c=Y, n i E i i 5 - 2 1 

j 

The number of complexions, i.e. configurations of the ensemble of 
elements in the canonical ensemble, will be Q c . 
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The mean energy of an element in the canonical ensemble is <E> and, by 
applying the definition of relation [5.2], we obtain: 

< £ > [5J1 

or 

H n J E j 

(£) = J ^ [5-4] 

L n j 

j 

An element of the canonical ensemble contains N objects. The energy of 
object i is £, and the number of objects with energy e t is «,• , such that: 

# = £"«• [5-5] 


Usually, the index j will be assigned to elements of the canonical 
ensemble, with index i being reserved for objects of the system, i.e. objects of 
an element in the canonical ensemble. 

Note - There is no relation between the number of objects in an element N 
of the canonical ensemble, which is fixed by the system, and the number of 
systems in the canonical ensemble Nc, which is arbitrary. 


5.2.2. Law of distribution in a canonical ensemble 

The canonical ensemble is composed of non-quantum elements, which 
are distinguishable. Maxwell-Boltzmann statistics can therefore be applied, 
giving relation [5.13]. 

We therefore obtain the Maxwell Boltzmann distribution: 

_ N c exp (-/?£■; ) 

2>xp (~P E j) 

j 


[5.6] 
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This distribution can also be expressed as a fraction of the number of 
elements in state j: 


_ rij _ exp (-/?£,) 

N c X ex P(-^) 


5 . 2 . 3 . Canonical partition function 

When the statistical results are used in the calculation of thermodynamic 
data, the following equation often appears, as in relations [5.6] and [5.7]: 


2>p(-^-) 

j 

which Fowler named the canonical partition function, whereas Planck called 
it the canonical state equation. 

We will continue to use that of Fowler and represent it by Z c , i.e.: 

z c = X exp (~ yft£ i) [5 - 8] 

j 

and the Maxwell-Boltzmann law of distribution becomes: 


exp 


(-0 e j) 


N r 


[5.9] 


with: 


P 


1 


[5.10] 
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Hence, the Maxwel I -Boltzmann law of distribution becomes: 



[5.11] 


5.3. Molecular partition functions and canonical partition functions 

Quantum mechanics helps determine the energies of molecules and the 
molecular partition functions, as we will see in Chapter 6, can be calculated 
from the characteristics of molecules (mass, moments of inertia, vibrational 
frequencies, etc.). The aim of this section is to determine the value of the 
canonical partition functions, since this is useful to link them to molecular 
partition functions. 

5.3.1. Canonical partition functions for ensembles of discernable molecules 

Firstly, let us consider an ensemble of localized, i.e. discernable, 
molecules. We can write that the energy of an element j of the canonical 
ensemble is the sum of the energies of the molecules of each element, i.e.: 

N 

E J=Yj £ iJ [5 ' 12] 

1=1 

The canonical partition function is therefore: 

z c = 2 exp i~P E j) = I ex P- 

j j 

However, instead of performing the calculation in expression [5.13] for 
all states j of the system, we can successively perform this calculation on all 
individual states j of each molecule i, which gives: 

z c=nx exp (-^) 

i = 1 l j 




[5.14] 
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From the bracket which is the molecular partition function (see the note in 
section 5.4), we can write: 

Z c =z N [5.15] 


In the case of several independent constituents, A, B, etc., either 
belonging to different phases or the same phase but without interaction 
between molecules of two different constituents, relation [5.15] becomes: 


z c - n^(A, - rK A 

A A 


[5.16] 


So, for ensembles of discemable molecules, the canonical partition 
function can be calculated from the molecular partition functions using 
relations [5.15] or [5.16] depending on whether the system has one or several 
constituents. These relations will be used for crystals in which the atoms (or 
molecules) are localized to network nodes. 


5.3.2. Canonical partition functions of indiscernible molecules 

It is only through a complex calculation that we can link the canonical 
partition functions of indiscernible molecules to their molecular partition 
functions. Fowler, proceeding by trial and error by a posteriori proving the 
result using the properties of the Helmholtz function F, helped form the 
following relations: 

- in the case of A particles that obey Bose-Einstein statistics: 

lnZ C(A) =-X^(A) ln [ 1 - ex P(-«A-^/)] + ^A«A t 5 - 17 ] 

i 

- in the case of A particles that obey Fermi-Dirac statistics: 

lnZ C(A) =X g TA) ln [ 1 + ex P(-«A-^/)] + ^A«A t 5 - 18 ] 


By examining expressions [5.17] and [5.18], we can write in the general 
form: 


ln Z C( A ) = f X g '(A) !n [l + e exp ( -a k - pe t )] + N A a A 
i 


[5.19] 
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with convention £ = -1 for Bose-Einstein statistics and £ = +1 for Fermi - 
Dirac statistics. 

We know that the three statistics merge in the “classical limiting case”, 
which will be described by relation [5.19] with £=+l. 

Taking into account the approximations, we can write: 

ln[l + £-exp(-ar A -/?£, )] s eexp(-a A -/?£, ) [5.20] 

Applying this approximation to relation [5. 19] therefore gives: 

ln Z C( A) = ft(A) ex P ( ~ a A ~ P £ i ) + N A® A [5.21] 

i 

2 

where: £ = 1 . 

Taking into account the definition of the molecular partition function 
(relation [4.49]), this expression becomes: 

lnZ C(A) = exp(-or A )z A +N A a A [5.22] 

By introducing equations [4.91] and [4.92], adhering to the first terms of 
the equations, we obtain: 



[5.23] 


[5.24] 


[5.25] 
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For several constituents according to the first equality [5.16] we obtain: 


r^n 


7 N a 

Z A 

n a i 


[5.26] 


The product is extended to all constituents. 

Relations [5.25] or [5.26] will essentially be used for gases and liquids 
whose molecules are indiscernible. 


5.4. Thermodynamic functions and the canonical partition function 

Now we aim to calculate the thermodynamic functions and the 
thermodynamic coefficients knowing the canonical partition function of the 
system. We will begin with the internal energy and the entropy, and then 
once these two functions are known, the other thermodynamic functions or 
their derivatives can easily be calculated. 


5.4.1. Expression of internal energy 

When establishing the statistics of the canonical ensemble, we have 
chosen as the energies of a system at the lowest level, therefore the internal 
energy must take into account the energy at 0 K and therefore the internal 
energy, which is the energy of the average element in the canonical 
ensemble, according to relation [4.2], is: 

U = U(0) + ^- [5.27] 

N c 


Using relations [5.2] and [5.6], it becomes: 


U-U(0) = ^- = — V n,E ■ = 
N c N c ^ J J 


z cZ E j ex P (~P E j) 


[5.28] 
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Note that: 


l[exp (-fiEjj 


= -E j exp(-0E J ) 


which using relation [5.28] gives: 




U-U( 0) = 


Z c d 0 


In expression [5.30], the partition function Z c may depend on variables 
other than temperature, such as volume, for example; the derivative here is 
therefore a partial derivative with regard to temperature, thus keeping the 
other variables constant, giving the expression of the internal energy: 


U-U( 0) = - 


9 ln Z C _ k t 2 d\nZ c 


We find that only the temperature and the canonical partition function 
must be known to calculate the internal energy of the system. 

In the case of a mixture with several constituents A, B, C, etc., we easily 
obtain: 


U-U(0) = -Y ainZc(A) = k b t 2 Y ainZc(A) 

Y dj3 A dT 


5.4.2. Entropy and canonical partition functions 

We are going to express the average entropy of a system using the 
partition function of the canonical ensemble. 

From relation [4.41], we can write: 


g c _ k b 

N c N c 


[5.33] 
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By applying relation [4.7] to the canonical ensemble, it becomes: 


Z /? j n ; 

; N c N c 


By incorporating this into equation [5.1 1], we obtain: 


S=~ k B YjPj lnp J 


This equation [5.11] can also be written as follows: 
In Pj =-/3Ej-\nZ c 


i.e. the expression for entropy of the system: 


S = ~ k B -fcpjMpi-Mc^ 


Thus, we know that: 


YjPj= l 


Now by taking into account relations [5.11] and [5.28], we obtain: 


Y J P j E j=U-U( 0) 


i.e. the entropy is: 

S = k B /3[U -U (0)] + k B lnZ c [5.39] 

Determining the internal energy using relation [5.31], we obtain a second 
form in which to express the entropy: 


r, _ 1 91nZ c 

B [ T d\n/3 
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So, just like the internal energy, entropy is expressed as a function of the 
only canonical partition function of the system. 

In the case of a mixture with several constituents, we obtain: 


5 = 



C(A)- 


1 d In Z C(A) 
T din 


[5.41] 


Having obtained the internal energy and the entropy, we can conclude 
that the canonical partition function of the system can completely define the 
system in the thermodynamic plane. We can therefore express any 
thermodynamic function using the canonical partition function, expressed as 
variables amount of matter ( N ), volume ( V ) and temperature (7j, i.e. the 
canonical variables associated with the Helmholtz function F. 


5.4.3. Expressing other thermodynamic functions and thermodynamic 
coefficients in the canonical ensemble 

With the expressions of internal energy and entropy, we can calculate all 
other thermodynamic functions defined by them. This is the same for the 
primary and secondary partial derivatives of these thermodynamic functions, 
i.e. the conjugate variables of the problem variables including pressure (or its 
opposite), entropy, the chemical potential and the thermodynamic 
coefficients which are the secondary derivatives of thermodynamic functions. 
Below are the results, easily obtained for any of the variables. 

5. 4. 3.1. Helmholtz free energy > 

Using relations [5.31] and [5.41], we calculate: 

F - F(0) = U - U( 0) - TS = - = -k B r In Z c [5.42] 

If it is a mixture of several constituents, A, B, C etc., we obtain: 

X lnZ C( A) 

F - ^(0) = - — = -k B r£lnZ C(A) [5.43] 

P A 


The equation is extended to all constituents. 
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5. 4. 3. 2. Pressure 

Using equation [5.43], we calculate: 




1 f din Z. 


C 


dv ) t,n A dv A 


= k„n^ 

dv 


[5.44] 


T.N 


With several constituents: 


P=1 E 


4 


31nZ, 


C(A) 


-V dV A j 


:k B 


^31nZ C(A) ^ 


t,n. ... 


-V dV A j 


T.N, 


[5.45] 


5. 4. 3. 3. Gibbs free energy 

Using equations [5.43] and [5.45] we can write: 


G-Glfi) = F-F(fi)-PV = - 


In Zq i V f 3 In Zq x 

~P~ + A dV 


'T.N 


[5.46] 


with several constituents: 


X lnZ C(A) 

G - G(0) = — — +— y 

p pr 


V v -1 ( d In %c( A) ' 
dV 7 


r,A 


[5.47] 


5. 4. 3. 4. Chemical potential 

Using equation [5.43], we calculate: 


^A = 


A*;' 

v 9a/ a; 




A 


3lnZ C(A ^ 


\ 

Jt,v,n b .. 


[5.48] 


5. 4. 3. 5. Heat capacity at constant volume 

We are going to detail the calculation method of the thermodynamic 
coefficient by using the example calculation for the specific heat capacity at 
constant volume. For this, we can use either the secondary derivative of the 
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characteristic function F, or, more simply, calculate the specific heat capacity 
at volume constant from the internal energy (equation [5.31]): 


Cv - 


dT 


= 2k b T 


N,V 


a In Z 
dT 


+ k B f 


0 2 lnZ 

ar 2 


[5.49] 


Ultimately, we know that in thermodynamics, the characteristic function 
in the variables’ temperature, volume, quantities of matter, etc., is the 
Helmholtz function F; therefore, knowing F provides a full description of the 
system. As shown by relation [5.43], if only the canonical partition function 
is known, the whole system can be characterized. The calculation of such 
functions is therefore essential. 

Note (molar variables).- In the expressions of molecular and canonical 
partition functions that we gave for a certain number of molecules, the 
number of particles is denoted by N A for constituent A. 

To obtain the molar values of thermodynamic functions, it is worth 
choosing Avogadro’s number (N a ) for N A . 

To obtain the value of a function for an amount of n (in moles) of 
constituent, we use the product /?N ;l for N A . 

In these two cases, the expression of f> will always be 1/RT. 


5.5. Absolute activity of a constituent 

The canonical partition function relative to constituent A is a priori a 
function of [3 (or 7), of volume and amount N A of the constituent. We can 
therefore write the differential of this partition function in the form: 


dlnZ, 


C(A) 

dlnZ, 


dlnZ C( A) d/ g ! J- dlnZ C(A> de , dy 


d/3 


C(A) 


dN A 


dN A +- 


din Z, 


C(A) 


da A 


de t dV 

dcc A , _ da A , da A , 

A d/I + ^df + ^djVi 


[5.50] 


d/3 


dV 


dN A 
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By differentiating expression [5.19] we obtain: 

dlnZ C( A ) £exp(-a A -/3£j) 

— a ~~ £ 2-i 8i 7I 1 a~^ + Na 

da A j 1 + f exp(-or A -p£j) 

Applying statistics gives: 


N A=Yj n i =£ H 8 i 

i i 


gexp(-ar A -/?g,-) 
l + gexp(-or A - Pe i ) 


Using equality [5.50] we obtain: 


d l n z c( A) 
da A 


= n a -n a 


= 0 


[5.51] 


[5.52] 


[5.53] 


Everything happens as if in the first term of equation [5.19], term a A is a 
constant and therefore by differentiating this expression with this condition, it 
becomes: 


d In Z C(A) 
— aU " 

dN A 


[5.54] 


Remembering that the chemical potential is given by relation [5.48], we 
find that we can write: 


Ma=~ 


P 


[5.55] 


This relation is true regardless of the statistic used, whether Maxwell- 
Boltzmann, Bose-Einstein or Fermi-Dirac statistics. 

Note - The chemical potential here is the generalized chemical potential 
which, for example, for the electrically charged particles, is the 
electrochemical potential // A . 
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In certain developments, we sometimes introduce the term A a defined by: 
In A A =-a A [5.56] 

The chemical potential therefore takes the form: 

p A = k B 7Tn>l A [5.57] 


A a = exp 


Aa 

V k B^ 


[5.58] 


The variable A a is called absolute activity of constituent A (not to be 
confused with the activity). 


5.6. Other ensembles of systems and associated characteristic functions 

In this chapter we have described a canonical ensemble. In fact, an 
ensemble is chosen according to the set of independent variables selected, i.e. 
volume, temperature and amount of matter of the canonical ensemble. For 
this ensemble, we defined a canonical partition function by relation [5.8]. 

Moreover, as seen in Chapter 1, each set of variables has a corresponding 
characteristic function, which is the thermodynamic potential. We saw that 
this is the Helmholtz free energy for variables linked to a canonical ensemble. 
Also note that this function is linked to the statistical description from the 
relation [5.42] and to the logarithm of the partition function of the 
corresponding ensemble. 

In the same way as we chose in Chapters 1 and 2 the characteristic 
function and a characteristic matrix for each set of independent variables E p , 
we can link to this set an ensemble, as in section 5.2, such that the relation 
between the characteristic function and the partition function linked to this 
ensemble, i.e. in the same form as in relation [5.42]. 

So, for example, if we choose the set of independent variables: 
temperature, volume and chemical potential, we show that the characteristic 
function is the product —PV\ the corresponding ensemble is called the 
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grand canonical ensemble. The function —PV will be defined in the statistical 
plane by relation: 


PV ~ jg lnZ { r ,- p ,fi} 


[5.59] 


^{r-P/.i\ * s *h e g ran d canonical partition function. It is worth showing the 

equivalence of the statistical definition of the product PV given by relation 
[5.59] and the macroscopic definition given by partial derivatives. It is then 
easy to calculate the expression of any thermodynamic function and any 
thermodynamic coefficient from the partition function linked to the new 
ensemble. Finally, it is worth linking the partition Junction of the new 
ensemble to molecular partition functions. 

This ensemble is mainly used when choosing the chemical potential as a 
variable is interesting such as, for example, in the case of equilibria between 
phases. The chemical potentials are therefore constant between each phase. 
For the description of a phase, the canonical ensemble IS preferred. 

We will no longer develop the grand canonical ensemble as it is primarily 
used to study phase transformations directly from statistical thermodynamics, 
which we are not going to do. In fact, phases can be sufficiently described 
and potential Junctions can be expressed using the molecule’s characteristics 
to study the equilibria between phases using potential functions. The direct 
transition from microscopic descriptions to the equilibria of phases requires a 
large mathematical tool, which provides no additional information about the 
modeling of these transformations. 

We can also choose, as variables, the ensemble: 

& p ={T-P,N) 


The corresponding characteristic function will be the Gibbs function 
defined in the statistical plane by: 

G = —IxiZ^r -p n] [5.60] 

Zr t~pn\ will be the partition function linked to the new ensemble. 
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Note - The isolated ensemble, in which the number of molecules, volume 
and energy are chosen as variables and kept constant, is the micro-canonical 
that we came across in Chapter 4. Its potential function is entropy. The 
corresponding partition function is simply the molecular partition function. 
However, calculating thermodynamic functions is tricky, hence, the 
preference to use the canonical ensemble when attempting to describe phases. 




6 


Molecular Partition Functions 


6.1. Definition of the molecular partition function 

The molecular partition function is defined, for an ensemble composed of 
many particles of molecular dimensions each with the energy Sj , by the 
equation: 


f 

z = Zg*' ex P 

i V 


gi 

k B rJ 


Zg; ex P(- £ iP) 


[6.1] 


6.2. Decomposition of the molecular partition function into partial 
partition functions 

The molecular partition function for a system includes terms that relate to 
different forms of energy: nuclear, electronic, vibrational energy of 
molecules, their rotational energy, their translational energy and interaction 
energies between different molecules. 

To simplify this, we know that different forms of energy, for a molecule, 
are independent (however, there are exceptions, e.g. the interdependence of 
vibrational and rotational energies of a molecule). Under these conditions, we 
can write the total energy of a molecule as the sum of different contributions 
by different forms of energy: nuclear e„ , electronic £ e , vibrational £ v , 
rotational s r , translational £ t and interaction £j , i.e. : 

£ — £ n + £ e + £ v + £ r + £{ + £j [ 6 . 2 ] 
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The partition function becomes: 


z = £exp 


k nT 


Z ex P 


^ £■ ^ 


k bT 


Z ex p] 

j K 


f £. \ 

K 


k nT 


[6.3] 
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v k B T J i, 


X ex P 


v k B r y/ ; 


I exp 


V k B T J 


This shows the partial partition functions related to the different forms of 
energy: 
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b l, 
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v k B 7 ’y 

i, 

. k B T ; 

h 

V k B 7 ’y 


[6.4] 

The overall partition function takes the form of the product of the partial 
partition functions: 

z = z n z e z v z r z t zj [6.5] 

Calculating partial partition functions requires that the number of degrees 
of freedom for each type of molecule movement is known. 

If a molecule is composed of N atoms, it has a total of 3 N degrees of 
freedom. In the case of a liquid or gas, molecules usually have three degrees 
of translational freedom. A non-linear molecule has three degrees of 
rotational freedom whereas a linear molecule has only two. The number of 
degrees of vibrational freedom is easily deduced: 

- linear molecules: 3N-5 degrees of vibrational freedom; 

- non-linear molecules: 3N-6 degrees of vibrational freedom. 

For example, in a gas or a liquid, a diatomic molecule ( N = 2) that is 
obligatorily linear will have six degrees of freedom - three translational, two 
rotational and one degree of vibrational freedom. 
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In the case of a crystallized solid, there are only vibrational degrees of 
freedom, i.e. 3N, as the molecules are fixed on the sites of the crystal lattice. 

To calculate the energies, we must also choose a level of origin; it is 
worth choosing the first level corresponding to each movement: 

- for the kinetic energy, we choose zero velocity as the origin; 

- for the potential interaction energy between particles, we often choose 
infinitely remote particles as the origin; 

- for the rotational energy, we choose the level corresponding to the zero 
value of the quantum rotational number: j = 0; 

- for the vibration energy, we choose either the minimum of the potential 
energy curve or the residual level corresponding to a zero value of the 
vibrational quantum number (v = 0) i.e. £q = l/2h V ( V is the fundamental 
vibrational frequency). 


6.3. Energy level and thermal agitation 

Normally, calculating partition functions requires the use of energy levels 
compatible with, on the one hand, results of quantum mechanics, and on the 
other hand, summations of relation [6.3]. However, the calculation can be 
simplified in two extreme cases. 

Let us denote Sq and E\ as the two first energy levels that correspond to 
one degree of freedom. If the difference between these two levels is very 
large with regard to thermal agitation, i.e. the product k B T , therefore if: 


£\ — £q » k B T [6.6] 

The partition function corresponding to this degree of freedom is reduced 
to the first term of equation [6.1], i.e.: 

z =g 0 exp(-£o/ ? ) [6-7] 

If we choose the first level, i.e. sq = 0 as the origin of the energies of this 
degree of freedom, then the partition function simply becomes: 


z =g0 


[6.8] 
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This degree of freedom is said to be non-excited. This is found to be so 
for electronic and nuclear degrees of freedom. 

Now, if the difference between the two first energy levels is very small 
with regard to the thermal agitation, it means that: 


*1 - £ 0 « k B T 


[6.9] 


Also, if the approximation conditions of classical statistics are satisfied 
(see relation [4.73]), we say that we are dealing with a classical degree of 
freedom. This case is most frequently found with translational, rotational and 
vibrational energies. 

In the cases above, the different energy levels are very narrow, and rather 
than tabulating them one by one, it is better to group them in a single state; 
for one degree of freedom, all levels included in the element with area dp x .dx, 
composed of the product of the linear momentum and a positional element in 
the space of phases. However, as we are concerned with quantum statistics, 
according to the Heisenberg principle, there is only one state per quantum 
box with area h (Planck’s constant) in the same axis system; we will 
therefore attribute to this single state, a statistical weight defined by: 


Si = 


dp x -dx 

h 


[ 6 . 10 ] 


As there are many very narrow energy levels, the equation that appears in 
the definition of the partition function can be replaced by an integral and for 
one degree of freedom we obtain the partition function given by: 


z = J J exp 


k B Tj 


Ap x .Ax 


h 


[ 6 . 11 ] 


This is often found for translational, rotational and vibrational energies. 


6.4. Translational partition functions 

To the three directions X\, Xi, and „t 3 of space and for the translation 
particles, we will apply relation [6.10]; the statistical weight will therefore be: 
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Si = 


d Px,- d Px 2 - d Px, • d X 1 ■ d X 2 ■ d X 3 
h : 


[ 6 . 12 ] 


Now let us apply relation [6.11] to the three directions and the three 
amounts of movement: 


oo oo oo oo oo oo 

j j j j j j H 

— oo — oo — oo — oo — oo — oo 


ks Tj 


d Pxr d Px-,- d Px,- dx i- d -v 2 .d.r 3 


[6.13] 

We are now are going to assume, as we have done previously, that the 
degrees of freedom are independent and assess the energy involved. For this 
we will consider two cases where the particle is or is not subject to a potential 
energy. In these cases, the particle is forced to remain in a set volume V. 


6.4.1. Translational partition function with the only constraint being the 
recipient 

The particle is not subject to any constraint other than only being able to 
move in a given volume. The two energetic terms must be distinguished: 

- the kinetic energy explained using components of the linear momentum 
is written: 


e 


C 



[6.14] 


- the potential energy that constrains a particle to a free volume. Let V/be 
the available volume for one particle, the total volume available for 
molecules of the system is Nvf and for the potential energy we can write the 
conditions: 


£ p (x l ,x 2 ,x 3 ) 


( oo if xj , x 2 and x 2 outside Nv f 
0 ifx lt x 2 and x 3 inside Nvf 


[6.15] 
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By separating the degrees of freedom, relation [6.13] becomes: 

1 I I ■' 1 I I 1 | A, | . 
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— 00 

v J 

— 00 

V / 


[6.16] 


Taking into account the definition of the error function, we know the 
integral: 


J exp(- u 2 )d u = 4 it 


[6.17] 


By changing the variable for each direction i of space in the three first 
integrals of [6.16]: 


Pi 

Uj = 

2mkftT 

Expression of the translational partition function is calculated by: 

z f = Nv f [ 


[6.18] 


2/z?«k B r 

1 


V 


[6.19] 


This function is often written in the form: 


Nv 


z =^L 

‘ a 3 t 6 - 2 °] 

In which function A, which has the dimensions of a length, is defined by: 
h 


A = 


(2mnk B T ) 


, 1/2 


[6.21] 


This length is called the thermal wavelength of the molecule. 
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If we consider the case of an ideal gas, the molecules are not subject to 
any force and they are treated like dimensionless points; the free volume for 
one molecule is equal to the volume of the container divided by the number 
of molecules, and therefore: 

Nv f = V [6.22] 

According to [6.19], the translational partition function of the ideal gas is 
therefore: 


z «pf) 


2mnk B T\ i/2 

h 2 J 


V 

A 2 


[6.23] 


Note.- We show that the condition that allows state equation [6.1] to be 
replaced by an integral is equivalent to: 

A 3 « V [6.24] 

which means that the particle should not interact, simultaneously and 
significantly with the two opposite sides of the container. 


6.4.2. Translational partition function with the constraint being a potential 
centered and the container walls 

Now let us assume that the forces exerted between the particles are 
functions of the relative coordinates of these particles. The origin of these 
energies due to these forces is chosen for infinitely remote particles. 

Due to the involvement of all the particles in the system, it is no longer 
possible to calculate the molecular contribution of the partition function. It is 
necessary to consider about the ensemble of N particles as a whole and 
therefore directly determine the canonical partition function. 

Let (Oi be the ensemble of the coordinates of positon (x\, x 2 , x 3),- of 
particle i and p, be the ensemble of components of linear momentum ( /; t| 

Px 2 Px 3 )« °f the same particle i. The total translational energy E of the 

system is the sum of the kinetic energy and the potential energy, which is the 
energy of interaction between particles and between the particles and the 
container walls: 
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E(C0 l ,(0 2 ,..(0 i ,...,(0 N ,p l ,P2,...,Pi,..,p N ) 
2 2 2 

= — — h + .. + E [((0\,(02,.-(Oj,..., 

2m 2m 2m 


[6.25] 


This energy is a function of 6 N variables of the space of phases: the 
coordinates of position ft} and linear momenta p,. 

Between two particles i and j, there is an interaction energy e t j and 
assuming that the interaction energy contains only terms such as , even if 
several molecules are mutually interacting. This assumption is known as the 
paired interaction model. 

If we count the ensemble of paired particles capable of interacting, this is 
the number of combinations with repetition of N particles 2 by 2, i.e. N(N- 
l)/2. 

For indistinguishable particles, the translational canonical partition 
function can be written in the classical approximation, taking into account 
relations [5.25] and [6.13]: 


Z C(t) 


N\ 


t] I H exp - 


Nv r 


N 

I >' 2 ,V 

! n / 

i=i 


2mk B T — 


[6.26] 


1 1 ■Jn“P-rv' d «“> A ' 


Nv f KJ 


The integrals are extended to the volume available for the molecules i.e.: 
Nvf and the second product contains N(N-\)/2 factors. 

The calculation for the first integral on the 3 N linear moments is identical 
to that for the translation of an ideal gas whose molecular function z tpf is 

given by relation [6.23], the translational canonical function can therefore be 
written as: 
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Z C(t) ~ 


1 

N\ 


f z 
z tpf 

v V , 


1 l-jriexp- 

Nv f i<j 


U {dOJ 
B T ' 


[6.27] 


The specific contribution made by the interactions to the 
canonical partition function can therefore be deduced: 


u 


} J-JITexp- 

Nv f i<j 


k uT 


(d<w) 


I N 


[6.28] 


This term is sometimes called the configuration integral because, as we 
can see, by comparing relations [6.23] and [6.27], this term has the 
dimensions of a volume. 


6.5. Maxwell distribution laws 


We are going to apply the law of average distribution of particles (relation 
[4.2]) to the translational energy in the ideal gas hypothesis, that is to say for 
molecules considered as dimensionless points we can write, using relations 
[6.13] and [6.23]: 
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' 2mnk B T^ 

3/2 

, 7 

exp 

V h“ y 
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P. V, + Px, + Px 
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d Px r d Px 2 - d Px 3 .dxj.dx2.dx3 


[6.29] 


This result is one of the forms of the Maxwell distribution law. It can be 
used for two forms of energy: the potential energy will give the average 
number of molecules in the volume dV and the kinetic energy will lead to the 
distribution of molecules according to their velocity. 


6.5.1. Distribution of ideal gas molecules in volume 
Applying relation [6.29] to the potential energy gives: 

(dn) _ Nf 2 mnk B T ^ 312 

dV ~ v{ h 2 J 


[6.30] 
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This expression shows that the distribution of molecules of an ideal gas is 
uniform in the volume in the absence of external forces. We can deduce in 
the same way, by applying the gravitational force, the distribution of 
molecules with regard to height, i.e. the law of decantation. 


6.5.2. Distribution of ideal gas molecules in velocity 

Now if we apply the Maxwell law to the kinetic energy, we obtain: 


(d«) = iV| 
■ d Px, d Px, d Px- 
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[6.31] 


This expression can be written as the average number of particles with 
velocity components between v Y and v T +dv r and v v and v r +dv T and 

•'A Aj Aj Aj A 2 A 2 A 2 

v x . and v x + dv X3 : 
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[6.32] 


It is often worth writing this Maxwell law relative to the velocity 
components in the form of a distribution function g(v Xl v Xl , v x 3 ) Sllc h that the 

product g(v x v X2 ,v x )dv x d d v x represents the fraction of all the particles 

whose velocity components are between the intervals v X| and v Y +dy V] , 

between v T and v r +dv r and between v r and v r +dv T , we can 

therefore write according to [6.32]: 


g(v x v y ,v z ) = 
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[6.33] 



Molecular Partition Functions 141 


It is often useful to determine the velocity in a single direction. The 
number of particles whose component according to Ox is between v x and 

v x, +dl V is given by: 


(d«, ; > = N\ 
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2k B T 
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[6.34] 


The corresponding distribution function g(v x ) will therefore be: 


g(v x ) 
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[6.35] 


Finally, it is sometimes useful to know the distribution of the particles 
according to their overall velocity v. For this we move onto spherical 
coordinates p,9,(j) and we are aiming to find out the average number of 
particles whose new velocity components are between the intervals v p and 
Vp+Avp, Vo and v g +A Vg, and and v^+dv^ We obtain by changing the 
referential: 
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2nk b T 





expj^ 


2//7k B 7’ 


W.sin^d pA9A(p 


[6.36] 


By integrating this relation between 0 and n ford and 0 and 2n for (j>, we 
obtain the number of particles whose velocity component is between v p and 
v p +<h>p, which gives: 
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[6.37] 


This expression is primarily used in kinetic gas theory to calculate the 
pressure of the ideal gas per number of collisions with the walls of the 
container; in collision theory in chemical kinetics to calculate the frequency 
of collisions between two molecules of an ensemble and in the calculation of 
the adsorption velocity of a gas onto a solid from the number of collisions to 
the surface of the solid. 
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6.6. Internal partition functions 

Internal partition functions are relative to the vibrational, rotational, 
electronic and nuclear movements. We usually find that these movements are 
independent, although we know that this is not always so between the 
vibrations and rotations. We also find that the forces exerted on the molecule 
by the exterior have no influence on these internal degrees of freedom. 


6.6.1. Vibrational partition function 

We are going to distinguish between diatomic molecules and molecules 
with more than two atoms. 

6. 6. 1.1 .Diatomic molecules 

In the case of a diatomic molecule, there is only one fundamental 
vibration to consider. Assuming the vibration to be harmonic (harmonic 
oscillator) and independent of rotation, the vibrational energy is given by: 


£ 


V 


l v+ 2 r 


[6.38] 


In this relation, v is the quantum vibrational number and takes the values 
0, 1,2, 3, etc. and 1 'is the vibrational frequency. 

Each vibration has a unit statistic weight; the vibrational partition 
function will be: 


z v = X exp 



1 ) hv 

2 J k b T 


[6.39] 


We define the characteristic vibrational temperature, called the Einstein 
temperature by: 


0 


E - 


hv 


[6.40] 
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The vibrational partition function becomes: 


z v = X exp - v + 


To assess the sum, let: 


0 E 

exp = x 
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The sum is then written: 
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The sum is therefore: 
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And the vibrational partition function becomes: 


1 - exp - 


In the case where: 
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the vibrational function is simplified to: 
T 



[6.43] 



12 

f 2 

HC1 

h 2 

r(cm ') 

215 

892 

2990 

4400 

0E (K) 

309 

1280 

4300 

6330 


Table 6.1. Einstein temperature of diatomic gases 


Table 6.1 gives the values of the Einstein temperature for several 
diatomic gases. 


6. 6. 1.2. Complex molecules 

Now we must consider several vibrations and assume that different 
vibrations do not have any influence, which is clearly an approximation. Let 
V\, V 2 , etc. be the vibrational frequencies and 0i, 0 2 , etc. the corresponding 
characteristic temperatures, calculated using relation [6.40]; the vibrational 
partition function will therefore be in the following form: 


exp 
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2 T , 


1 - exp - 


©T 


[6.44] 


6 . 6 . 2 . Rotational partition function 

There is no rotational term to consider for monoatomic molecules since 
the rotation about an axis passing through the nucleus, where practically the 
whole mass is concentrated, does not involve any energy. We will now 
consider three cases of polyatomic molecules. 

6.6.2. 1. Heteronuclear diatomic molecules 

These are diatomic molecules with two different atoms HC1. 
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If the rotation about an axis passing through two nuclei does not involve 
any energy, there is therefore room to consider that the rotations occur about 
an axis perpendicular to this line. 

According to Schrodinger’s equation, the energy of the rigid rotor of the 
moment of inertia / (see Appendix A.2) is given by: 

2 

^=./(./ + 1) h 2 [6.45] 

8 7Tl 

j is the rotational quantum number and can only take the values 0, 1,2, 
etc. 


Each energy level has a multiplicity g given by: 

g = 2j + l 

The rotational partition function is given by: 


= Z( 2 / + l) ex P - j(j + 1) — 5 

j 8^ 2 7k B r 


[6.46] 


[6.47] 


We call the characteristic rotational temperature, the quantity 0 r defined 
by: 

h 2 

0, = , [6.48] 

8^“/k B 

The rotational function takes the form: 

z r =Z i 2 J + !) exp - j(j + 1) &r [6.49] 

j L T - 

If the ratio ®JT is considered to be quite small, the molecules are 
therefore distributed over a large number of rotational states and the equation 
can be replaced by an integral, i.e.: 

z rot = J (2y + 1) exp - ./(./ + 1)^' d j 
o L T - 


[6.50] 
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By the integration of /( / + 1) = x : 


z r 


T _ U 2 A b T 
~ h 2 


[6.51] 


6. 6.2. 2. Homonuclear diatomic molecules 

If both atoms are identical, the total rotation is no longer 360° but 180° 
since the molecule superposes itself and therefore if we take the previous 
calculation, we will have therefore counted twice as many states; the 
rotational partition function is therefore: 


z r 



An 2 Ik B T 
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[6.52] 


6. 6.2. 3. Complex molecules 

In the case of molecules with more than two atoms, if the molecule is 
linear, the previous results subsist; if the molecule is not linear, we must 
consider the three moments of inertia I u I 2 and A with regard to the three 
orthogonal axes passing through the center of gravity. In nearly all cases, we 
can equate sums to integrals and for the rotational partition function we 
obtain: 


z r 


8^ 2 (2^k B r) 3/2 A // 1 / 2 7 3 

oh 2 


[6.53] 


The term cr is a term of symmetry whose origin will shall see in the 
following section (see section 6.6.3). 


6 . 6 . 3 . Nuclear partition function and correction of symmetry due to nuclear 
spin 

In the calculation of the nuclear partition function, we must take into 
account the conditions of symmetry or anti-symmetry of the wave function 
with regard to the nuclei when they are identical. 
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If the two nuclei are different, the nuclei a and b are in their energetic 
state with the lowest statistical weight g a and gb so that there are gagb possible 
nuclear states of molecule AB, therefore: 

z n = g a £b [6-54] 

and if we combine the rotational and nuclear states, we obtain the rotational 
and nuclear partition function z r n : 


z r,n 


8/r 2 /k B r 

•^a&b 


[6.55] 


There is no change compared with what we saw in sections 6.6.1 and 

6.6.2. 1. 

If the two atoms of the molecule are identical, each nucleus can be found 
in g states; there are therefore g 2 nuclear states of the molecule to take into 
account. 

Moreover, we show that the rotational eigenfunctions are symmetrical 
with regard to the nuclei if the rotational quantum number j is zero or even 
anti-symmetrical if it is odd. 

This is the same for vibrational eigenfunctions with respect to the 
vibrational quantum number v. 

Firstly, we are going to assume that the molecules are in their lowest 
vibrational state, therefore v = 0, and the wave functions are symmetrical 
with regard to the nucleus, which happens at a low enough temperature. 

If the nucleus has an odd mass number , the overall wave function is anti- 
symmetrical with regard to the nuclei; it is the product of all the translational, 
rotational, vibrational, electronic and nuclear wave functions. With all the 
translational, vibrational and electronic wave functions being symmetrical, 
we only have to consider the rotational and nuclear functions, one of which 
must be symmetrical and the other anti-symmetrical or vice versa. The g(g- 
l)/2 wave functions with anti-symmetrical nuclear spin must have 
corresponding symmetrical rotational wave functions, i.e. with even values of 
j the g(g+l)/2 wave functions with symmetrical nuclear spin must have 
corresponding rotational wave functions, i.e. with odd values of j. The 
combined nuclear-rotational partition function will therefore be: 
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z r,n =-g(g~i) Z (2 j + 1) exp | 
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-./O' + 1)® r 
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+ -•?(& + !) Z (2./ + l)exp| 
2 y=l, 3,5,.. 
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[6.56] 


If the nucleus has an even mass number , the result is the opposite, i.e.: 


z r,n = - g(g + !) Z (27 + 1) exp 
2 7=0, 2,4,.. 


-7(7 + 1) 


0 , 


+ ^g(g-l) Z (27 + 1) exp| 
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7(7 + 0®'' 
T 


[6.57] 


At the ordinary temperature, the ratio 0 r /T is considered to be small for 
all molecules and we can therefore say that the two previous equations are 
almost equal since j is higher and therefore we can write the following for 
each: 


2 ;= 0 , 1 , 2 . 


Z ( 2 7 + 1) exp 


-7(7 + 1) 


0 , 


[6.58] 


which gives for the rotational nuclear partition function: 

_ g 2 8/T 2 /k B r 


[6.59] 


This is the phenomenon that explains the abnormal heat capacity values 
of hydrogen (and deuterium) at low temperatures. At absolute zero, we only 
have the ortho form with symmetrical nuclear spins. By increasing the 
temperature, hydrogen gradually transforms into the para form with an anti- 
symmetrical function; the transformation would be complete at 
approximately 20 K. For all lower temperatures, in the presence of a catalyst, 
we obtain a mixture with variable proportions of the two forms of hydrogen. 

In the case of non-linear polyatomic molecules, a number of symmetry 
<7 will eventually be introduced by which we must divide the value given by 
relation [6.53]. This number will be equal to 1 if the molecule does not have 
a center of symmetry; it will be equal to 2 for water, 3 for NH 3 and 6 for 
benzene. 
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6.6.4. Electronic partition function 

We usually only have to consider the lowest level, called the fundamental 
level, if £q and fj are the energies of the first two multiplicity levels g 0 and g\, 
the electronic partition function can usually be written in the form of the sum 
of only two terms: 


z e = 80(e) ex P 


£ 0 

v k B r 


8 1(e) ex P| 


k B r 


[6.60] 


Frequently the difference £j - e Q is very large with regard to k B T such 
that the second term is negligible with regard to the first and can be written: 


z e = 80(e) ex P| 


f £ 0 ^ 

V k B T J 


[6.61] 


It is worth choosing the energy 8 f] for the origin of electronic energies so 
that the electronic partition function is reduced to: 


z e 8 0(e) 


[6.62] 


6.7. Partition function of an ideal gas 

We will identify the ideal gas with an ensemble of punctual molecules, 
i.e. dimensionless and without mutual interaction. As the molecules are 
punctual, the free volume offered to the translation of molecules is the total 
volume of the container V. 

As the molecules are not interacting, the potential energy only comprises 
the boundary term, the partition function of the ideal gas can be written using 
[6.5] and [6.23]: 


Z Pf - z n z e z v z r z tpf 


' 2mnk B T 

V h 2 


x3/2 


[6.63] 


By regrouping the product of internal contributions due to rotational, 
vibrational, electronic and nuclear degrees of freedom under the term z m , we 
obtain: 
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z pf 



27Z?Hk B rV /2 


-int 


We often use the following form of this relation: 


z pf 

V 


' 2mik B T 
V h 2 


3/2 


-int 


[6.64] 


[6.65] 


This equation represents the contribution to the partition function of the 
ideal gas that does not take into account the potential energy of interaction 
with the boundaries of the container, that is to say that it only includes the 
kinetic energy of molecules in the translation. This external contribution will 
be identical for non-punctual molecules that interact with one another and 
with the boundaries, i.e. for real molecules. 


6.8. Average energy and equipartition of energy 


Now we will move onto indistinguishable particles but in the 
approximation of the classical limiting case. The canonical partition function 
is given by expression [5.25] using the molecular partition functions. By 
applying equation [5.32], we calculate for the internal energy: 


U - U{ 0) 



3 In Zn 

, w , 


N 3 z 

73 /? 


[6.66] 


In the case where the different energetic contributions are independent 
and by applying expression [6.5] we can write: 


U-U(0) = k B T 2 


N 3 (z t z r z v z e ) 

( z t z r z v z e) dT 


[6.67] 


Let (£[ ) be the average translational energy of molecules; as the internal 

energy is the sum of all the mean energies of the different modes, we can 
write: 


U -U( 0) - /v{(7 + (e r ) + (e v ) + 7)} 

= {(7) + (7) + (7) + (7)} 


[6.68] 
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We must calculate the different contributions of this sum by obeying, for 
contribution m, the following relation, taking into account equation [6.67]: 


1 


_ k B r 2 


z m 


z m 

{ dT j 


[6.69] 


6 . 8 . 1 . Mean translational energy 

We must use the expression for the translational energy given for a three- 
dimensional system using equation [6.20]; by applying [6.69] (with A=N a ) it 
becomes: 


(£r) = N a (f,) = RT 2 


X 1 X 2 X 3 


( ^ *1*2*3 V 
v A 3 > 

dT 


/ 


Referring again to relation [6.21], we obtain: 


(£,) = ■ 


V 




[6.70] 


[6.71] 


This expression is consistent with the equipartition theory of energy, 
which states that the contribution to the average energy of each quadratic 
term is (l/2)k B T . In fact, the translational energy that in classical mechanics 
is in the form: 


E t = —mv~ 3 — mv 2 -I — mv 2 [6.72] 

2 x l 2 x 2 2 x 3 

has three quadratic terms, each attached to one dimension. 

The same calculation earned out in a box with only one dimension (x\) 
would effectively give the value of a contribution: (l/2)k B T . 

Note that this mean energy does not depend on the dimensions of the 
container X\, x 2 and .t 3 . 



152 Phase Modeling Tools 


6 . 8 . 2 . Mean rotational energy 

Here, we are only dealing with a linear molecule with two degrees of 
freedom of rotation. At a high enough temperature ( 0 r « T ), the partition 
function is given by relation [6.51]. The simple application of equation [6.69] 
to the rotation immediately gives: 


(c r )=k B r [6.73] 

The energy of a two-dimensional rotor with two quadratic terms in 
classical mechanics has the form: 



1 2 

+ —Ictr 

2 


[6.74] 


We thus find the equidistribution theory of energy with the contribution 
(l/2)k B r of each quadratic term. 


6 . 8 . 3 . Mean vibrational energy 

We will take the example of a harmonic oscillator with a single 
vibrational degree (diatomic molecule). According to relations [6.40] and 
[6.42], the corresponding partition function, taking the fundamental energy 
level (v=l/2) as the origin of energies (numerator of equation [6.42] is equal 
tol), is: 


1 

1 - expl-hu/?) 


[6.75] 


Applying relation [6.69] to the vibrational contribution gives: 

hv 


O = ■ 


exp 


hv 

V k B T J 


1 


[6.76] 
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If the temperature is quite high ( © v , « T ) or ( h Vp « I ). we can 
develop the exponential term of the previous expression, and by keeping only 
the first non-zero term of the denominator, it becomes: 

(e v ) = k b T [6.77] 

In classical mechanics, the energy of the harmonic oscillator is written: 

1 7 1 7 

E r = — mv^ -t — kxf [6.78] 

This expression has two quadratic terms and we can once again justify the 
equidistribution theory of energy with the contribution (l/2)k B r of each 
quadratic term. 


6.9. Translational partition function and quantum mechanics 

We calculated the partition functions of different movements using the 
energy levels given by quantum mechanics except for translation for which 
we used the energetic terms of classical mechanics by weighting them using a 
related degeneracy, that of Heisenberg’s principle (equation [6.10]). We are 
going to show that the choice that helped us introduce interactions into 
section 6.4.2 is equivalent to using quantum mechanics, which we will show 
for translation with a single boundary effect. 

Let us consider a gas molecule with mass m free to displace in a container 
with the volume Nvf available for the displacement of the molecule. Let X h 
X 2 and X 3 be the length, width and height of the container: 

Nv f = X 1 X 2 X 3 [6.79] 

Let £i be the sum of translational energies in the three directions, i.e: 

£ i = £ n t ( X \) + e n 2 ( X 2 ) + £ n :i ( X i) [6.80] 

«i, n 2 and n 3 being, respectively, the quantum numbers for the movement in 
the directions Oxi, OX 2 and Ox 3 . The translational partition function will 
therefore be: 

z t= T exp(- - P£, h - fi £, h ) 


[6.81] 
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z t=Z ex p(" fcny )X ex p(- P £ n 2 ]Z ex p(" P £ n, ) 


which can be written in the form: 


z t z t(x l ) z t(x 2 ) z t(x 3 ) 


Quantum mechanics is used to calculate the energy levels of a molecule 
with mass m in a recipient with length X h i.e.: 


The lowest level has the energy: 


= (" 2 - 0 


- 1 )£ with £ = 


With the contribution of direction to the translational function: 


X,) = Zexp(-(« 2 - 1)/5 q 


With the translational energies being very narrow in a typical laboratory 
container, we can replace the equation with an integral and write the 
contribution according to Ox 1 in the form: 


= Jexp(- (« 2 -l)/?f)d« 


By disregarding 1 with regard to n 2 , through which we can change the 
variable u 2 =n 2 /3e ; we obtain: 
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which gives, by taking into account relation [6.85], for the contribution of 
direction O.V| : 


z r(x,) - 


2mnk B T 

h 2 



[ 6 . 88 ] 


The complete translational partition function for the three directions will 
therefore be: 


r 2mik Q T^ 12 


X l X 2 X 3 = Nv f 


r 2mnk B T^' 2 


This expression is identical to relation [6.19]. 


[6.89] 


6.10. Interactions between species 

After considering the data for each type of object, it is worth taking into 
account the interactions between them. The problem is modeling the system 
to deduce the interaction energies between objects. We will next consider 
these interactions between a certain number of objects, for example paired 
interactions, that is to say we will disregard any interaction between one 
object and another, except their immediate neighbors (which we used in 
section 6.4.2). The model can then become complex when considering 
interactions by triplets, quadruplets, etc. 

When objects are chemical objects, we have two types of interaction: the 
interactions between charged particles (ions, electrons, etc.) and the 
interactions between neutral molecules based on dipole-dipole interactions. 


6.10.1. Interactions between charged particles 

Interactions between charged particles are due to Coulomb electrostatic 
forces that derive from a potential. 

We can consider two simple interaction models between ions or more 
generally charged particles. 
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6.10.1.1. Pairing interaction model 

We will only consider the interaction energy between two ions, 
immediate neighbors only, and we know that, for example, the interaction 
energy e k - between two spherical particles with radii a j and a k and 

respective charges z k and z, , separated from one another by r kk (Figure 6.1), 
are in a constant dielectric environment esuch that: 

Iz llz \e~ 

£kj = A for r kj > aj + a k [6.90] 

\ner kj 


and 

E k j = “ for r k j < a j + a k [6.91] 

This condition shows that the centers of the two ions cannot approach 
another by a distance less than aj+a k 



Figure 6.1. Interaction between two ions 


6.10.1 .2. Ionic atmosphere 

The interaction model will take into account the ensemble of all ions of a 
medium and a determined ion is found in the field created by an ensemble of 
all others ions. This field will be calculated using Poisson’s equation in a 
determined distribution or an average distribution of ions in the space. It is 
this mean that is used in the Debye-FIuckel model of an ionic solution. 


6 . 10 . 2 . Interaction energy between two neutral molecules 

Between two neutral models, three interaction models are used in the 
order of their complexity; the hard sphere model without force of attraction. 
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the hard sphere model without repulsion and the London model for Van der 
Waals forces. 

6.10.2.1. The hard sphere model without force of interaction 

In this simple model, each molecule is supposedly protected by a sphere 
with diameter D and another molecule cannot enter this (Figure 6.2a); this 
gives function e(r) , which is similar to that given by Figure 6.2b, which is 
defined by: 

f e(r) = +°° if r < D 
\ e{r) = 0 if r > D 

a 

G0 

D 

Figure 6.2. The hard sphere model without attraction 

6.10.2.2. The hard sphere model without Keesom repulsion force 

In this model, outside the hard protection sphere, there is an attraction 
energy of 1/r 6 (as we will see in section 6.10.2.3 concerning the dipole-dipole 
origin); the function £{r) is represented in Figure 6.3 and is defined by, if 
e { ) is the negative value of the mutual energy of two spheres protected by 
two molecules in contact with one another: 

+oo if r < D 

*0(7)* if '^ 

This definition gives rise to a molecular diameter D, which acts as the 
contact diameter. 
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Figure 6.3. Hard sphere model with force of attraction 


6.10.2.3. The van der Waals force model 

In this model, the forces of interaction of two immobile molecules, called 
van der Waals forces, are represented as the sum of two terms: one of 
attraction and one of repulsion, each being a function of distance r, which 
separates the centers of the supposedly spherical molecules such that the first 
is predominant over a long distance and the second predominant over a short 
distance. 


Now let us examine the term of attraction. The force of attraction is due to 
three different physical effects: the Keesom orientation effect, the Debye 
induction effect and the London dispersion effect. 

The orientation effect is due to the fact that a certain number of molecules 
have a permanent dipolar electric moment due to the distribution of charges 
within the molecules. These electric dipoles orientate themselves according 

to one another and we can show that if molecules have moments // 1 and 

fJ -2 ■> if the temperature is not too high (in practice if jU\ // 9 « 1/kgJ ), the 
corresponding energy of attraction is in the form: 


— 2—2 
j/fl M 2 1 

3r 6 k B J 


[6.92] 


The induction effect is due to the fact that, under the action of an electric 
field created by the permanent dipole of a molecule, another molecule is 
polarized, that is to say that the charge distributionin the second molecule is 
modified, which creates a dipole, called the induced dipole, whose moment is 
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the product of the electric field by the polarizability of molecule a , which is 
a constant for this molecule, i.e.: 

Ji=aE [6.93] 

This induced moment is added to the permanent electric moment of the 
second molecule and Debye showed that the interaction energy between two 
molecules, due to this polarizability effect, is independent of temperature and 
takes the form: 


„ _ a AMB +a BMA 
Dn 6 

r 


[6.94] 


If molecules A and B are identical, the induction energy becomes: 


—2 

2a Li 

^'in = g — with a A = a B = a and jU Q = jU A = jU [6.95] 

r 


The London dispersion effect is due to the following phenomenon. If at a 
given instant we could take a photo of a molecule, it should show, even in the 
absence of a permanent dipolar moment, an instantaneous dipolar moment. 
Even if the average of these instantaneous moments is zero, this 
instantaneous moment creates through the induction of a neighboring 
molecule, an induced instantaneous moment and London showed that 
initially the term of attraction due to this effect was in the form: 


*d 


3h 


2 r 


^a A a B 


^B 

^A+^B 


[6.96] 


In this relation v A and V B are the frequencies of oscillation of the 
molecule, a A and a B are always the polarizabilities of molecules A and B. 


If both molecules are identical, the dispersion energy takes the form: 


3h va 1 
4 r 6 


=- 


[6.97] 
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Note that the attraction energy is the sum of the three contributions [6.92], 
[6.94] and [6.97]. Given that the three terms vary in 1/r 6 , we can write: 

£ attr= £ o + £ I + £ d=- [6.98] 
r 

If we compare the energy levels due to each of the three effects, we find 
that contrary to what is commonly thought, it is the dispersion effect that is 
often greatest and that the contribution of the orientation effect present in 
dipolar molecules is often minor. 

Now let us examine the repulsion term that should increase rapidly over a 
short distance due to the inter-penetrability of molecules. Although wave 
mechanics calculations give exponentially increasing potentials, we usually 
use a power law often with power 12, i.e. a repulsion potential in the form: 

£ rep=\ [6-99] 



Figure 6.4. London molecular interaction potential 


So, by combining the two expressions [6.98] and [6.99], we obtain the 
expression of the interaction potential, called the Lennard- Jones potential: 


£ = 


»>0 >o 

6 + 12 
r r 


[ 6 . 100 ] 
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Figure 6.2 shows the attraction potential, repulsion potential and the 
potential resulting from both effects as a function of the distance between the 
two molecules. 

The resulting curve has a minimum £ 0 (<0) for a certain distance r 0 and 
the potential energy is canceled out for r = D. The minimum e 0 is 
approximately -10" 21 joules; r 0 is the angstrom order of magnitude, i.e. 10 10 
m. 


Considering this data, the coefficients used in relation [6.98] take the 
form: 


m {) = -2f 0 (/'()) 6 [6.101] 

k = _£- o( r o) 12 [6-102] 

■ • 77 6 • * 138 

The order of magnitude m 0 is 10" j.m ; that of / 0 is approximately 10" 
J.m 12 . 


Relation [6.100] then becomes: 


£ 

£ 0 




[6.103] 


If D is the distance at which the energy is cancelled out (Figure 6.4), we 
can easily calculate: 


/ \6 


v r oy 


1 

2 


[6.104] 


The diameter D can still be considered as a true collision radius for 
infinitely slow molecules. 


6.11. Equilibrium constants and molecular partition functions 

The fact that thermodynamic constants and, in particular, Gibbs energies 
can be expressed using partition functions, this must be the same for 
equilibrium constants. 
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We are going to express the equilibrium constant of a reaction using the 
partition functions of the reactants and products. 

A chemical reaction between reactants A,, giving products A p can be 
written in the form: 

0 = 2 a p A p + 2a r A r = Ha ; A ; - 

p r i 

This equation uses stoichiometric algebraic numbers a h positive for a 
reaction product and negative for a reactant. 

According to relation [5.46] and, by taking into account the expression of 
pressure given by relation [5.44], we can write the Gibbs energy of 
component i in the form: 


Gi(T) - G f ( 0) = -k B rin Z iC + P t V [6.105] 

G, (0) is the Gibbs energy of the pure compound i at a temperature of OK. 

We are going to consider three types of equilibrium: gaseous phase 
homogeneous, liquid phase homogenous and solid phase homogenous 
equilibria. 


6 . 11 . 1 . Gaseous phase homogeneous equilibria 

Gas molecules are considered as indistinguishable molecules; the 
canonical partition function is therefore given by relation [5.25]. By applying 
this relation and by using Stirling’s first approximation [4.1], relation [6.105] 
becomes: 


G,(T) - Gj( 0) = —N jk B T In z ( - + k B r(JV f In N f - N t )+ P t V [6.106] 

We are going to use molar variables. For this, we define a molar partition 
fraction z,-^ given by: 


z i(m) 


[6.107] 
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In the calculation of the translational partition function, this definition 
replaces the volume V by the molar volume 

Under standard conditions, at temperature T, the Gibbs energy in n moles 
of component i, which is considered to be an ideal gas ( P, V = n,R7), 
becomes: 

gf (T) = gf (0) - rijRT In [6.108] 

N a 

For the reaction, we will write: 

A,g,V) = I a,g ( °(F) = X fl,g?(0) - R In Z “ m) [6.109] 

1 i i N a 

However, at a temperature of OK, for an ideal gas, we obtain: 
g; °(0) = «9( 0) + PV-TS = uf( 0) + R T-TS = uf( 0) = hf( 0) [6.1 10] 

Consequently, relation [6.109] becomes: 

A r gf(T) = A r M°(7’)-R7’X;a / ln Z ^ [6.111] 

i N a 

The term A r u°(T) is the linear combination, weighted by stoichiometric 

numbers, of the residual vibrational energies of each substance. Therefore if 
each component has k, degrees of vibrational freedom with the fundamental 
frequency vjj* , we will obtain: 

A,«°(0) = Nah Z(« ( Z^) = A,./7°(0) [6.112] 

2 i k 

The equilibrium constant is defined by: 

- RT In K P = A r g°(T) 


[6.113] 
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Taking into account relation [6.11 1], we obtain: 


k p = n 


r z . ^ 

i 


6 i(m) 

N 


exp- 


a J 


A r /?°(0) 
R T 


[6.114] 


This relation is valid; let us note this for gas-phase equilibria, when ideal 
gases are involved. 


6.11.2. Liquid phase homogeneous equilibria 

If the reaction occurs in a liquid phase then all reaction components are 
therefore components of the same liquid solution. 

For such a solution, the change in volume due to the reaction is negligible 
and we obtain: 

A r G(T) = A r F(T) + PA,V = A ,.F(T) [6.1 15] 

We can express the Gibbs energy using relation [5.42]. As gas molecules 
are considered as indistinguishable molecules, the canonical partition is 
therefore given by relation [5.25]. Using Stirling’s second approximation 
[4.1], relation [6.115] becomes: 

Fi(T)-Fi( 0) = -NfoTfazt + In N f ) [6.116] 

In this expression, we assume that the solution is ideal as it does not take 
into account the enthalpy of mixing. 

Under standard conditions, at temperature J, the Gibbs energy of n moles 
of component i, becomes: 

.1?(T) = ./; 0 (O)-« ( R7’ln Z ' (m) [6.117] 

N n 


For the reaction, we obtain: 


A,,/;V) = Ifl,/;°(0) = -RTZa, In 


z i(m) 

n q 


[6.118] 
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fi (0) is the standard Gibbs molar energy of pure component i at a 
temperature of 0 K; is the molar partition function. 

Using relations [6.113] and [6.116], the equilibrium constant can be 
written: 

- RT In K x = A r f°(T) [6.119] 


Using relation [6.1 18], we obtain: 


- RT In K x 


A,.[/j°(0)J-RTlnn 


N a 


The equilibrium constant becomes: 


K x 


n 


N, 


f 

exp 

V 


A ' ,/? o 1 

RT ) 


[ 6 . 120 ] 


[6.121a] 


This relation, which is valid in the case of ideal or very dilute solutions, is 
in the same form as relation [6.114] obtained for a homogeneous reaction 
between ideal gases. 

Some authors introduce the molecular partition function, defined by: 


* 

z i(m) ~ 


Z i(r») 

N a 


[6.121b] 


Equality [6.121a] then takes the form: 


K x 



/ 

exp 

v 


A ’- h ° ) 
RT ) 


[ 6 . 122 ] 
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For solutions with deviations from ideality, we must add the enthalpy of 
mixing to the zero enthalpy, calculated by relation: 


a r H mix = 2 

i 

Relation [6.121] then takes the form: 


[6.123] 


K x = 


n(i,>)“ 


exp 


A r h§ + A r H n 
R T 


[6.124] 


6.11.3. Solid phase homogenous equilibria 

If the reaction proceeds in a solid phase, then all the reaction components 
are components of the same solid solution. 

For such a solution, as with liquids, the change in volume due to the 
reaction is negligible and we obtain: 

A r G{T) = A r F(T) + PA r V = A r F(T) [6.125] 

We can express the Gibbs energy by relation [5.42]. The molecules of the 
solid are therefore considered as distinguishable molecules; the canonical 
partition function is therefore given by relation [5.15]. So relation [6.125] 
becomes: 


Fi (T) - F} (0) = -Njk B T In z x [6.126] 

In this expression, we assume the solution to be ideal as it does not take 
into account the enthalpy of mixing. 

Under standard conditions, at temperature T. the Gibbs energy in n moles 
of component i, becomes: 

f°(T) = f°(0)-n i RT\nz i [6.127] 

Note.- In the case of solids, there is no need to include molar partition 
functions, as the partition functions of solids only contain vibrational terms, 
which do not include the volume of the container. 
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For the reaction, we can write: 

A r fP(T) = L«,/>) = -R lnz, 
i i 


[6.128] 


jf (0) is the standard molar Gibbs energy of the pure component i at a 
temperature of OK; z is its function partition. 

Using relations [6.113] and [6.126], the equilibrium constant is written: 

- RT In K x = A r f°(T) [6.129] 

Using relation [6.128], we obtain: 

- RT In K x = A r [/? ; °(0)J- Rrinn(z/) a ' [6.130] 

i 


The equilibrium constant is therefore: 

K x = \\( Zl f expf- A ^° 

i v Rr 


[6.131] 


6.12. Conclusion on the macroscopic modeling of phases 

Therefore, by defining the phase as the collection of a large number of 
objects, statistical thermodynamics helps to calculate a variable called the 
canonical partition function which links: 

- on the one hand, molecular or microcanonical partition functions 
calculated from the characteristic of objects (masses, vibrational frequencies, 
moments inertia); 

- on the other hand, classical potential thermodynamic functions defined 
in Chapter 1 . 

Modeling therefore becomes easier in the case of systems without 
interactions between molecules. In practice, the main difficulty found with 
this modeling is the need to introduce interaction forces between the objects 
in the collection. 




7 


Pure Real Gases 


In this chapter, we will focus on a system with two variables, either V and 
T or P and T. We know that to describe a pure compound we must know 
either a characteristic function ( F or G), or three thermodynamic coefficients: 
two diagonal terms of a characteristic matrix and a third term; the fourth is 
deduced from the symmetry of the characteristic matrix. 


7.1. The three states of the pure compound: critical point 

We know that a pure substance can exist, within normal temperature 
ranges, in three states: gas, liquid and solid. A stable system containing a 
pure compound can be formed from one, two or three phases in equilibria. 
These three phases are commonly represented in a temperature-pressure 
diagram such as that in Figure 7.1. This diagram shows three lines 
representing the change of state separating the monophasic region. The 
sublimation line separates the stability zone of a solid and that of a gas; the 
melting line separates the liquid and solid zone and the vaporization line 
separates the liquid zone from the gas zone. There are also two interesting 
points: the triple point where the three phases are in equilibria and the critical 
point K. Note that this point is the point of maximal temperature and 
pressure, where a pure compound can exist in a liquid-gas equilibrium. 
Above K, the distinction between a liquid and a gas disappears, the meniscus 
that separates the two phases also disappears and if we move about the 
critical point from A to B, it is possible to pass from a liquid state in A, 
where the two phases are separated by a meniscus, into a gaseous state in B, 
without crossing the limit of the phase. The zone situated at a higher 
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temperature and pressure than the critical temperature is sometimes called the 
supercritical fluid zone. 

Note - We distinguish a gas, which is the phase present when the system 
contains a pure compound in the gaseous state only, from a vapor, which 
also qualifies as a gaseous phase, when the system contains both gaseous and 
liquid states. 



In this chapter, we are going to study the properties of pure gaseous 
phases. 


7.2. Standard state of a molecular substance 

We define the standard state of a molecular substance at temperature T as 
the state of a pure substance at this temperature, under 1 bar of pressure, in 
the aggregation state that it has naturally under these conditions. 

If it is a solid, it will be of a stable crystallographic variety. For example, 
the standard state of carbon at 25°C is graphite. 

Liquids, as well as gases, are considered as being in the same aggregation 
state. 
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In the standard state, the behavior of a gas will be considered as that of a 
perfect gas, even if at a pressure of 1 bar and at the chosen temperature, the 
actual behavior of the gas is not the same as the behavior of a perfect gas. 


7.3. Real gas - macroscopic description 

A real gas has a behavior that differs from that of a perfect gas. This is 
clearly visible if we plot the product PV according to pressure at different 
temperatures (Figure 7.2). 



Figure 7.2. Differences of real gases to the Boyle-Mariotte 


We find that for a perfect gas, the curve is horizontal (Boyle-Mariotte 
law) whereas the curve for a real gas differs, becoming more horizontal the 
lower the temperature and the higher the pressure. 

Usually, a gas is macroscopically defined either by a diagram (P - V) or 
( PV-P ) and a heat capacity or by its state equation t'( P, V, T, n ) = 0 and a heat 
capacity. The thermodynamic coefficients can therefore easily be calculated 
either graphically or algebraically. 


7.3.1. Pure gas diagram (P-V) 

The first sources of data for the pure gas are the (P, V) diagrams of each 
gas (Figure 7.3(b)), which give pressure as a function of volume for one mole 
of gas at different temperatures. At high temperatures, this curve is a 
hyperbole given by the perfect gas law. Gradually, as the temperature 
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decreases, the curves deform until they show an inflexion point to the 
horizontal tangent for the critical temperature (point K). The curve then takes 
the form of a saturation curve for the appearance of a liquid. Below the 
saturation curve, there is no longer an isotherm as the gas alone is not stable; 
hence, here we have a liquid. 

These diagrams exist for many gases and can be digitized, replacing the 
curves with fdes (P, V, T) which can be used in computer calculations. 


7.3.2. “Cubic” state equations 

There is no universal state equation like the state equation for a perfect 
gas - each equation has its advantages but also its disadvantages. The more 
adjustable constants the equation has the better it represents a given gas; the 
best state equation does not require too many adjustment measurements, that 
is to say, one that contains a limited number of constants. All equations 
proposed tend towards the perfect gas equation since, as shown in Figure 7.2, 
a real gas tends towards a perfect gas when the pressure tends towards zero. 

“Cubic” state equations are third degree equations with regards to 
volume. The most well-known of these equations is the Van der Waals 
equation. 

These equations account for a critical point whose coordinates are 
obtained by canceling out the two primary partial derivatives of pressure with 
regard to volume. 

Under critical conditions (P<P C and T<T C ), canceling out of the first 
derivative gives an equation that has either one or three roots. 

If such a state equation gives a single root, this proves that the system is 
monophasic and the root gives the molar volume of this phase. 

If such a state equation gives three roots, the lowest value of the molar 
volume obtained corresponds to the molar volume of the liquid and the 
highest value corresponds to the molar volume of the gas. The intermediate 
value has no physical sense and the P(T) curve between the two extreme 
roots is replaced by a horizontal line, since it represents a diphasic system in 
a liquid-vapor equilibrium and in this case the pressure is no longer a 
function of volume, it is constant while the two phases are present. 
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7. 3. 2.1. Van der Waals state equation 

The van der Waals equation is the most well-known cubic state equation 
for non-perfect gases, but also certainly one of the most mediocre. However, 
despite its downfalls, which limit its practical use, this equation is of high 
educational interest due to four of its qualities: 

- it only contains two adjustable constants; 

- it can be justified by a microscopic approach that gives some physical 
sense to its two constants; 

- it includes the change in state from liquid-gas, which shows that this 
change in state is part of the description of the phase if artificially inducing 
the liquid-gas transition is usually only due to our ignorance. However, the 
van der Waals equation is undoubtedly still one of the best to represent 
liquids; 

- finally, it takes into account the existence of a critical state. 

The Van der Waals equation for one mole, if v° is the molar volume, is 
written: 


( \ 


P + 




= RT 


Or, in its extensive form for n moles in volume V: 


f 

P + 

V 


2 '' 
n a 


V 


(V-nb) = nRT 


[7.1] 


[7.2] 


Parameter a is called the cohesion pressure, its order of magnitude is 
between 1 and 10" 3 Pa.m 6 .mole' 2 . Parameter b is the co-volume whose order 
of magnitude is 10" 5 m 3 .mole' 1 . 

Figure 7.3(a) represents the surface of Van der Waals f( P, V, 7) = 0. Figure 
7.3(b) shows some isotherms. 

The internal energy of a real gas, unlike that of a perfect gas, depends on 
volume; for example, in the case of the Van der Waals state equation, it 
depends on volume, and can be easily calculated: 
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dU m 

dV 



[7.3] 



Figure 7.3. (a) Representation of the van der Waals equation in the system 
of axes OVTP-; (b) representation of the isotherm P(V) 


On the isotherm with a single inflexion point to the tangent horizontal, we 
can write that the critical point corresponds to coordinates of this inflexion 
point (point K in Figure 7.3(b)): this is what we obtain mathematically, in 
addition to complying with equation [7.2]: 


dP _ _ R T 2 a 
dJ/ ( V-bf V 3 


d 2 P _ 2R t _ 6 a 
dV 2 (V-bf V 4 


[7.4] 


The expression of coordinates of the critical point can be deduced using 
two parameters, a and b: 


T = 8g ■ p = 
c 27R6 ’ c 


21b 


, V = 3 nb 

l u 


[7.5] 


Building on the Van der Waals equation, we can obtain the Berthelot 
equation, which takes into account the influence of temperature on the Van 
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der Waals coefficient a: this is still a cubic state equation with two 
parameters which is a bit closer to reality. For one mole of gas it is: 


f 




P + 




= R T 


[7.6] 


Coefficient a of both relations [7.1] and [7.6] are clearly not identical. 

7.3 .2.2. The RK state equation of Redlich and Kwong 

This equation - Redlich and Kwong (RK) - is much improved with 
regards to the Van der Waals equation but it is still unable to accurately 
describe the liquid state and therefore gas-liquid equilibria. For one mole, it 
takes the following form: 


P = 


R T a 

^b~v°(v°+b)ylf 


[7.7] 


The different coefficients are given by: 


0.42748R 2 77 2,5 , 0.08662RT, 

a = — ; h = - 

P P 

± C M C 


This equation requires the condition: 


P T 
~P C K W C 


7 .3.2.3. SRK state equation ofSoave, Redlich and Kwong 
The RK equation was corrected by Soave, who proposed: 



[7.8] 


[7.9] 


[7.10] 
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with the following coefficient values: 


0.42748 R 2 7; 2 

a = 

Pc 


, 0.0866RJ 

b = L 

Pc 


[7.11] 


The coefficient a is given as a function of the relative temperature T r , that 
is to say, the ratio between temperature at the critical temperature, by 
relation: 


a = 


1 + ( 0.48 + 1 .574ft; - 0. 1 76iw 2 )( 1 - 7] 0 - 5 ) 


[7.12] 


l o is called the coefficient of acentricity. It was introduced by Pritzer in 
1955 and take into account the non-sphericity of molecules; it is set to zero 
for monoatomic gases such as rare gases whose value is: 

co = log Py at - 1 at T r = 0.7 [7.13] 


P* at is the pressure of relative saturation vapor, with regard to the 
pressure voltage at the critical pressure. 

Graboski and Daubert proposed a modification of coefficient a given by 
relation [7.12] and propose: 


a = 


1 + ( 0.48508 + 1 ,5547ft;- 0. 1 561 3ft; 2 ) (l - 7] 0 ' 5 ) 


[7.14] 


Table 7. 1 gives the value of the coefficient of acentricity of several gases. 


Gas 

CO 

Gas 

CO 

Gas 

CO 

Neon 

0 

Chlorine 

0.073 

Methane 

0.011 

Argon 

-0.004 

Bromine 

0.132 

Ethylene 

0.087 

Krypton 

-0.002 

co 2 

0.223 

Ethane 

0.100 

Xenon 

0.002 

CO 

0.049 

Benzene 

0.212 

Hydrogen 

-0.22 

nh 3 

0.250 

Toluene 

0.257 

Oxygen 

0.021 

HC1 

0.12 

n -Heptane 

0.350 

Nitrogen 

0.037 

H 2 S 

0.100 

Propane 

0.153 

Fluorine 

0.048 

so 2 

0.251 

m-X ylene 

0.331 


Table 7.1. Coefficient of acentricity of several gases 
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7. 3. 2. 4. Peng and Robinson state equation 

It is a variant of the previous equation which gives better results for the 
liquid phase and therefore for liquid-vapor equilibria: 


P = 


R T 


oca 


( v 0 ) i _ 2 Z , v 0_ fe 2 


[7.15] 


with the coefficients defined by: 


0.457235 RtT 2 

a = 

Pc 


0.0777RT C 

Pc 


[7.16] 


a = 


1 + ( 0.37464 + 1 ,54226ry - 0.26992<w 2 j|l- T, 05 ) 


[7.17] 


7.3.3. Other state equations 

Besides cubic equations, the number of state equations is constantly 
increasing; of the different general laws proposed, we will only mention the 
most widespread. 


7. 3. 3.1. Dieterici equation 

Another form of the state equation with two parameters, but which is no 
longer a cubic equation, proposed by Dieterici, is written: 


Wv°-fo) = Rrexp 

7 V 


a 

R7V° , 


[7.18] 


which can be represented, by developing the exponential in series, as follows: 



[7.19] 
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7 .3.3.2. Development of the virial 

We find that the previous form of the Dieterici equation is a development 
in series of 1/ v° . A more general form of such a development, called the 
virial equation, was proposed by Kamerlingh-Omnes and Keesom: 


PV = nRT 




+ ... 


[7.20] 


Coefficients B 2 , £f. etc. are called the second, third, etc. coefficient of the 
virial. We can calculate the first coefficients of the virial using the cubic state 
equations as we did for the Dietrerici equation, but it does not provide any 
additional information. For example, for the Van der Waals equation we 
obtain, respectively: 


Pv° = R T 


, , , a \ 1 ab 1 
1+ b — X-H . 7T 

R T K° R T < 




[7.21] 


and for the Berthelot equation: 


Pv° = R T 


f 


1 + 


ail ab 1 


b — r hr + - 

v R T 1 J v R T A 


(,.»)- 


[7.22] 


Let p be the density of de molecules ML, so that the virial equation [7.20] 
is written: 


B-) B 3 


pk B T V v 2 
This series can be written as a MacLaurin series using /■>— (), i.e.: 


[7.23] 


p -l + d \ 

' P 'l 

1 d2 
-j- 

' P " 

pk B T dp 

{P k B T J 

T,p = 0 2 ^ P 2 

k P^b t , 


+ ... 


JT,p = 0 


[7.24] 
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So the coefficients of the virial are defined by: 


B, =- 


N 


ii'-l 


u-yy-dp 


/-i 


pk B T 


T,p=0 


[7.25] 


It is therefore possible to measure the coefficients of the virial using 
pressure measurements at a constant volume for different values of the 
density p of the molecules. 

Note - The previous series of product Pv° can be replaced by a development 
of the same product according to the powers of pressure in the form: 


Pv = R T 


1 + B’ 2 P + B' 3 P z 


+ ... 


[7.26] 


The main challenge is to give a physical sense to the different coefficients 
and especially to link them to the molecular properties of the system. 

Note - By making do with a corrective term of the perfect gas, the relation 
between the coefficients B 2 and B\, which respectively appear in relations 
[7.22] and [7.26], is: 

B ' 2 = B 2 RT v-, 77 -, 


1 .333. Beattie— Bridgeman state equation 

One equation that is widely used, especially for gas mixtures, is called the 
Beattie-Bridgeman equation. With five constants ( A 0 , B 0 , a, b and c), which 
greatly contributes to its reliability, it is written as: 


P = 


RT(l-e) 



t 0 

(v 


- B ) 



[7.28] 


with the following meanings: 


A = A 0 


f a 
V v 




V 1_ v°7 


and £ — 


v°T 2 


[7.29] 


As above, the Beattie-Bridgeman equation can be written in the form of a 
virial, limited to four terms: 
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Rv 0 


= R T 



[7.30] 


with the following meanings: 


P — Bq— 

u RJ 



-B 0 b + 


oAq BqC 
R T T 3 


and S = 


RB-bc 
R T 3 


7.3.4. The theorem of corresponding states and the generalized 
compressibility chart 

The reduced variables (reduced pressure, reduce temperature, reduced 
molar volume) of a gas is defined by the ratios of the variable corresponding 
to the value at the critical point: 

P r =P/P c , T r =T/T c and V r = v° / v c [7.3 1] 


The compressibility coefficient is defined by: 


Z 


0 


Pv 
R T 


[7.32] 


Reviewing the experimental data from the state charts allowed people to 
propose what we call the theorem of corresponding states. According to this 
principle, real gases with the same reduced volume exert the same reduced 
pressure at the same temperature. In addition, in the same reduced state, all 
gases will have the same compressibility factor 

The term “principle” is not the most appropriate for this rule as this 
approximation is not rigorous; in fact, there are slight differences between 
different gases, which led Pitzer to introduce the corrective term, the acentric 
coefficient. Nevertheless, the rule is still a good approximation. 

Compressibility charts (Figure 7.4) give the compressibility coefficient 
Z as a function of the reduced pressure for differences reduced temperatures. 
This result has a good acceptability for a certain number of gases. 



Pure Real Gases 181 


Knowing the coordinates of the critical point of a gas, it is easy to 
calculate for each pressure and temperature its reduced coordinates. On the 
diagram in Figure 7.4, we choose the curve corresponding to the calculated 
reduced temperature and we determine the Z value for the chosen reduced 
pressure. Then using relation [7.32] we calculate its molar volume by 
relation: 


v 


0 



[7.33] 



If the theorem of corresponding states is valid then the state equations for 
different gases should all be identical. This is, effectively, what we observe 
for the Van der Waals equation for which we substitute the reduced in 
equations [7.1] and [7.5]; we obtain a single equation: 


f 

Pr 

V 



(3V r -1) =ST r 


[7.34] 


We obtain the same type of result every time the state equation is a cubic 
equation, whose two parameters can be calculated from the two definition 
relations of the critical point, namely the canceling out of both derivatives 
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dP d 2 P 

— — and — — y . For equations with more than two parameters, the two 
conditions of criticality are not sufficient to determine these parameters. 


7.3.5. Molar Gibbs energy or chemical potential of a real gas 

Another way of defining a gas is to express a characteristic function. The 
most common example chosen is molar Gibbs energy, in the case of a pure 
gas, often interchangeable with chemical potential. Flere we are focusing on 
the choice of variables P and T, and we aim to determine the chemical 
potential (or molar Gibbs energy) of the pure gas from the state equation 
written in the form: 

v° = V(T,P) [7.35] 


So the volume is the first derivative of Gibbs energy with regard to 
pressure (at a constant temperature): 


0 

v = 


/ V > ' 


By integration between pressures P° and P, it becomes: 
\T,P) = g° ( T , P ° ) + ^ V(T, P)dP 


g 


[7.36] 


[7.37] 


If P n tends towards zero, we know that the gas tends towards the 
behaviour of a perfect gas, thus affecting the exponent * the variables relative 
to the perfect gas, it becomes: 



V(T,P)dP 


[7.38] 


Often it is sufficient to choose, for the reference pressure, the pressure of 
1 bar, which is low enough. 

For a perfect gas in the same pressure domain, we obtain: 
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g°*(T,P)= Urn g°*(T,P°) + lim f P V*(T,P)dP [7.39] 

p°^0 P°^OJP° 

* 

Now let g be the molar Gibbs energy of a perfect gas at the reference 
pressure and according to temperature: 

g°*(T, P) = g* (T) + RT In [7.40] 

P° 

By subtracting the two relations [7.38] and [7.39], it becomes: 

g°(T,P) = g°*(T,P) + lim \ P [V(T,P)-V (T,P))dP [7.41] 
Using relation [7.40] in expression [7.41], we obtain: 

„ * p rP f ut\ 

g° (T, P) = g (T) + RT In — + lim [ V(T, P) - — d P [7.42] 

p° p°^>ojp\ P ) 

Knowing the state equation or the variations in the compressibility 
coefficient Z with pressure, we can then calculate the integral of the second 
member and therefore molar Gibbs energy of the real gas. However, this 
method does not allow us to calculate the term g (T) which proves the 
inability of a state equation to completely define a gas. 

7.3.6. Fugacity of a real gas 

7. 3. 6.1. Definition 

The chemical potential of a perfect gas is given by relation [7.40]. Due to 
the simplicity of this formula, in particular when used to study physical or 
chemical equilibria, Lewis proposed an expression for a real gas by replacing 

the pressure by function /°(T, P) , called the fugacity, and under these 
conditions, the chemical potential takes the following form, with a reference 
pressure P°: 

g 0 (T,P) = g*(T) + RT\n f ° (T ’ P) 

p o 


[7.43] 
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Let us define the fugacity coefficient by: 


<P 


0 


fjpfn 

p 


[7.44] 


For a perfect gas 


</>° = 1 , 


at low pressure, the gas tends to become 


perfect: 


lim - ( P " T} = lim tp° = 1 [7.45] 

P 0 ^ 0 P P°-> 0 

7. 3. 6. 2. Calculating the fugacity’ coefficient 

By comparing the equations [7.42], [7.43], [7.44] and [7.45], we obtain: 

RTlrup 0 = lim \[{v(PJ)-^ V\P [7.46] 

P°^>0JP \ P ) 

This relation allows us to calculate the fugacity coefficient and therefore 
the fugacity from the state equation, for example. 

Note - By comparing expressions [7.41] and [7.46], we can write: 

R T In / = g° (T, P)-g°* (T, P) [7.47] 


7. 3. 6. 3. Approximate value of the fugacity coefficient 

Let us take definition [7.32] of the compressibility factor and express it 
using the virial relative to the pressures defined in relation [7.26], by being 
limited to the first terms, it becomes: 


Z = 


1 + - 


B\P 
R I 


[7.48] 


Relation [7.46] can be written in the form: 


In (Po = 


B' 2 P 


Z-l 


R T 


[7.49] 
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If the fugacity coefficient is not too far from 1, we can write: 
ln<^° ~qp - 1 


[7.50] 


So, by comparing [7.49] and [7.50], we obtain: 


(P 


0 


= z 


[7.51] 


This approximate value avoids the need to integrate relation [7.46] while 
providing good results. For example, up to pressures of 100 atm, at not too 
high temperatures, close to ambient pressure, we obtain a result correct for 
oxygen and nitrogen. 

7. 3. 6. 4. Generalized chart for fugacity coefficients 
We can write relation [7.46] in the form: 

' n,p ° =P\f mpJ) -' ] T [7 - 521 


But by introducing the coordinates of the critical point and the reduced 
coordinates (see relation 6.31), we obtain: 


PVJPJ) _ P r v r P ( v c 
R T R T r T c 


[7.53] 


Equation [7.52] becomes: 



PV PV 
R T r T c 


-1 


d P. 


[7.54] 


At a given reduced temperature, the second member of the equation is 
only a function of the reduced pressure, the same for the fugacity coefficient 
of any real gas considered. Therefore for each reduced temperature, 

constructing the curves <jP = F{P r ) and a single chart (Figure 7.5) allows us 

to determine the fugacity coefficient (jP if we know the coordinates of the 
critical point P c and T c . This is the generalized chart of fugacity coefficients 
(Figure 7.5). 
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Figure 7.5. Fugacity coefficient chart of pure gases 


So, for example, to determine the fugacity coefficient of a gas at 0°C at a 
pressure of 100 bars, we obtain the values for the critical temperature and 
pressure of this gas from the tables, we deduce the reduced temperature and 
reduced pressure. On the x-axis, at point P r on the curve relative to T r on the 

y-axis, <p can be directly read from generalized charts of fugacity 
coefficients. 


7.3.7. Heat capacities of gases 


The previous data only provide three of four thermodynamic coefficients. 

fdS ' 

We also need to determine the second diagonal coefficient which is 


dT 


V 


or 


dS 

dT 


, which means that we need to determine the molar heat capacities 


at a constant volume or pressure, defined by the relations: 
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and 


C P 



[7.55] 


[7.56] 


7. 3. 7.1. Heat capacities at constant pressure 

In practice, many tables provide the heat capacities of gases at constant 
pressure and atmospheric pressure in the form of a polynomial: 

C P =a+bT + cT 2 +dT~ 2 [7.57] 


The coefficients a, b, c an d depend on the substance and theoretically 
depend on pressure. This dependence is not usually provided as it can be 
easily calculated (see section 1.2.13). Some coefficients of relation [7.57] 
can be zero and one of either coefficient c or d will always be zero. 

13.1.2. Heat capacities at constant volume 

The heat capacity at constant volume is deduced from the previous data at 
constant pressure since it involves moving from a coefficient of matrix 
m(P,T) to a coefficient of matrix m (V,T) (see section 2.1.5), we obtain: 





[7.58] 


This difference can be calculated from the state equation or 
compressibility coefficient Z for example. 

13.13. Variations in heat capacities with pressure or volume 
From the symmetry of matrix m (P,T), it is easy to show that: 


dCp 

~dP 


= -T 


( d 2 V 

dr 2 


\ 

Jp 


[7.59] 
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We also show that: 


dC v 

~W 


■ -T 


d 2 P 
dT 2 


\ 

)v 


[7.60] 


These two expressions are assessed by simply knowing the other 
thermodynamic coefficients, i.e. by the state equation or the compressibility 
coefficient Z for example. 

7.4. Microscopic description of a real gas 

Microscopically speaking, the gas is defined by its canonical partition 
function taking into account the terms linked to the internal energy, of 
translation and intermolecular interactions. 

The microscopic description of a real gas considers a gas as a collection 
of identical quantum particles as part of the statistical approximation of the 
classical limiting case, i.e. as part of the approximation [7.61] which we have 
seen when establishing the partition function of molecules (see Chapter 5): 

exp(-or)«l [7.61] 


a is the Lagrange coefficient relative to the number of moles, an 
approximation which is most frequently used when establishing the 
molecular partition function. We will express the complete canonical 
partition function of the system to deduce the thermodynamic functions. 


7.4.1. Canonical partition function of a fluid 

The interaction energies between molecules is a complex issue and is 
most frequently satisfied by approximations. For example, we have seen that 
(see section 6.6) the interaction between two molecules does not disturb their 
internal organizations and the interactions forces only depend on the distance 
between the molecules (see section 6.10). Between two molecules, the 
corrective energetic term linked to the interaction £ A b will appear, which is 
practically zero when both molecules A and B are far enough as in the 
example of the Lennard-Jones potential (see relations [6.100] or [6.103]). 
Calculating the partition function of a fluid, in particular the calculation of 
the second coefficient of the virial, is tricky; many examples in the literature 
are approximate or full of poorly justified shortcuts. This is why we chose to 
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use the method developed by R. Fowler and E.A. Guggenheim and 
contributions by Ursell. 

Let us consider a mixture of N independent molecules, without any 
interaction. This collection is treated as an assembly of non-discernible 
quantum particles in the classical limiting case of validity of relation [7.61]. 

If ( 0 , is the ensemble of positional coordinates {x u x 2 , x 3 ),- of particle i, 
between two particles i and j there is an interaction energy e hj and we assume 
that the interaction energy only contains terms such as £ y even if several 
molecules are in mutual interaction. This hypothesis is known as the paired 
interaction model. The configuration integral (see relation [6.28]) has the 
following form: 


I, = 


J HIT 


exp- 


Nv f 


‘<J 


•2d. 
k nT 


(da>) 


N 


[7.62] 


The integrals are extended to the volume available for molecules i.e. Nvf. 
We are going to introduce the Mayer function defined by: 


f £. . \ 

V k B T J 


-1 


Vij = exp 

Function [7.62] becomes: 

1 


f N(N+\)ll( N(N+ 1)/2 




bn - — 


N\ 


JX-X II II <>+*,> 


Nv, 


7=1 


t=7+l 


(do) 


N 




[7.63] 


[7.64] 


The form of interaction functions such as those of Lennard-Jones, based 
on the model of Van der Waals forces involving Keesom orientation effects, 
Debye induction and London dispersion, which quickly decrease with 
distance; beyond a certain distance between two molecules, the interaction 
can be negligible (for example, when the interaction is less than 5£</100). 
This comes down to defining around each molecule a volume influence: 


Til' 


V< 


6 


[7.65] 
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To go beyond the exploitation of relation [1 .64], we are going to develop 
the product using the power series ytj, the configuration integral takes the 
following form: 



1+ Z^ + Zw 

SEj y ijy j,kyk,i + Ys y iJ y k,l + - y 


{A coif [7.66] 


The different sums of the development correspond to different 
interactions: 

- ^ y f ■ groups the configurations in which a single interaction pair is 

involved, i.e. the case where a single molecule j is found within the sphere of 
influence of molecule i (Figure 7.6(a)); 

- groups the configurations in which two interaction pairs 

are involved, i.e. the case of two molecules j and k are found within the 
sphere of influence of the same molecule i without any of the molecules j or k 
being found within the sphere of influence of another (Figure 7.6(b)); 

- zLyuyj,kyk,i groups the configurations in which three molecules are 
interacting in pairs (Figure 7.6(c)); 

- 2lyuy k j groups the configurations in which two different pairs of 
molecules interact via a single pair i, k (Figure 7.6(d)); 

- etc. 



(a) (b) (c) (ci) 


Figure 7.6. Different configurations of paired molecules 
for the first four terms of the sum in relation [7. 66] 


We are now going to constrain the sum of relation [7.66] only taking into 
consideration the interactions of one molecule with another molecule, which 
we call paired interactions excluding interactions between three and more 
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molecules simultaneously, that is to say, considering Figures 7.6(a) and 
7.6(b). This approximation is valid if NvJV is small with regard to 1, i.e. if 
the gas is not too imperfect, the molecules are not too dense or if the pressure 
is not too high. We begin with a mixture of N independent molecules, 
without interaction. We introduce the existence of an interaction pair. 


To materialize this paired interaction, we are going to use the quasi- 
chemical method (see Appendix 3) we are going to replace our system of N 
molecules of A with a mixture of N\ molecules of A and N 2 molecules of 
dimer A 2 which are formed every time a molecule enters the spherical 
interaction volume with radius r of another molecule; let e(r) be the 

interaction energy between the two molecules of A in the dimer. We 

therefore assume that, according to the model of associated solutions, these 
two populations of monomers and dimers are in thermodynamic equilibria 
and form a perfect solution, i.e.: 

N = N l +2N 2 [7.67] 

and the application of the equilibrium condition gives: 

N 2 „ 

~^ = K C [7.68] 

Let us express the equilibrium constant of the association reaction using 
the partition functions of reactants and products in the following form using 
relation [A.3. 10] with E 0 = 0 since the origins of energies of species A and A 2 
are the same: 


N 2 _ z 2 (T) 

Ni h(T)f 


[7.69] 


The partition functions z, and z 2 can be expressed using the overall 
partition function of molecule A. 


With regard to z\, in the partition function of a real monomer, the volume 
V is replaced by volume V\ available to molecules in our mixture; this is in 
fact the reduced volume V of the volume of spheres with a radius of influence 
r 0 between two molecules and V\ will therefore be: 


6 


[7.70] 
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Coefficient 6 (2x3) of the denominator is derived from counting a 
molecule of A, once as neighboring and once as in the center of the sphere of 
influence. 

The partition function of molecules of the monomer will therefore be, by 
separating the translational contribution (z,) of the rest of the partition 
function (■ z in t(T )): 


_ z int( T )( z t f 
Z 1 “ 


[7.71] 


The volume available for dimers is the total volume V. If we account for 
the interaction, and if we use relation [6.5] for the corresponding term, which 
is the potential energy, the partition function of a dimer molecule will be: 


z 2 =[ z int ( T )f{ z tf 


JJJexp 


f 

V 


£(r) ' 


d x.dv.dz 


[7.72] 


x, y and z are the relative coordinates of a molecule A with regard to that 
at the center of the sphere of integration. With regard to polar coordinates, 
relation [7.72] becomes: 


-2 


W m (T)f(z t f r ‘ 


j* 4zr/' 2 exp 


£(r) 

k B T J 


dr 


[7.73] 


Coefficient 2 of the denominator is derived from a number of symmetry 
in the partition function from the identity of two A molecules composing the 
dimer. 


In a simpler form, we put A(T) as: 
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By integrating in parts, we obtain: 


3 °° 

3 2 1 


0 


exp 


e AA 
V k B r 


-1 


d r = ^L + B AA (T) [7.75] 


Let: 


B 


AaCO = -^JW 


0 


exp 


' ^AA 
V k B T J 


dr 


[7.76] 


By taking into account expressions [7.66], [7.68], [7.69], [7.71], [7.72], 
[7.73] and [7.74], it becomes: 


N x = N — 


2 N Z A(T) 


[7.77] 


and 


Nn = 


N 2 A{T) 


[7.78] 


The canonical partition function of our ensemble (non-localizable), taking 
into account the presence of two non-interacting components, will be: 


(-lf‘ (- 2 f 


^C = 


N x \ N 2 ! 

By applying Stirling’s approximation it becomes: 


[7.79] 


lnZ c = N 1 


In— !- + l 

+ N 2 

ln^ + 1 

L J 


n 2 


[7.80] 


which leads to, by revealing the amount n of gas: 


lnZ c = «N a In 


z pf 


+ 1 


A « 2 N a 2 5 AA (T) 


V« N a J 


V 


[7.81] 
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Without any interaction and in the hypothesis of quantum statistics in the 
classical limiting case, relation [7.75] gives the canonical partition function, 
which we can write for a perfect pure gas in the form: 

lnZ C(p/) = « N a lnz p/ -« N a ln|> N a) ! J t 7 - 82 ] 

Using Stirling’s formula [4.1]: 

Inn! = n (inn -l) = n Inn [7.83] 

This relation becomes: 


lnZ CW) = « N a ln 


Z Pf 

nN„ 


-1 


[7.84] 


The partition function takes into account interactions between atoms of a 
fluid, i.e. the exchange integral is written by the difference between [7.81] 
and [7.84]: 


l n7 C(AA) - - 


» 2 N a 2 i?AA(T) 

V 


[7.85] 


Note that the lower limit of the integration of equation [7.76] is 0 when 
the distance between molecules tends towards zero, all known expressions of 
potential, particularly those of Lennard-Jones, leads to an integral that 
diverges. To overcome this issue, we will only count the potentials from 
distance D. This distance forms an impenetrable wall to a neighboring 
molecule. The volume of the corresponding sphere will be considered as an 
incompressible volume of the molecule, i.e.: 


nD 3 


Vo = 


6 


[7.86] 


The free volume available for molecules becomes: 
Nv f = V - Nv 0 


[7.87] 
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and the interaction term becomes: 


In/, 


(AA) 


N 2 B aa (T ) _ n 2 N 2 B AA (T) 


Nvf 


Nv f 


[7.88] 


i.e. by taking into account [7.87]: 


In/, 


(AA) 


« 2 N a 2 /? AA (T) 

V-Nvq 


[7.89] 


To calculate B AA (T), we must know the laws of energy s AA variations with 
distances between molecules. 


7.4.2. Helmholtz energy and development of the virial 

We know that the Helmholtz energy (relation [5.43]) is expressed using 
the following canonical partition function: 

F = U-TS = - X -^~ = -k B rinZ c [7.90] 


By combining this relation and relation [7.89], the Helmholtz energy of 
the perfect gas is written: 


F = -nRT 


f z p f ^ 

In— ^- + 1 


V 




J 


R T 

V-Nvq 


n 2 N,B AA (T) 


[7.91] 


The first term of this expression is in fact the Helmholtz energy of the 
perfect gas. 

According to the definition of the Helmholtz energy function, we can 
easily deduce that the pressure is given by the opposite of the derivative of 
this Helmholtz energy with regard to volume: 



dV 


[7.92] 
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The term z p f of equation [7.91], which represents the partition function of 
the non-interacting gas molecule, contains a volume resulting from the 
contribution of three degrees of translation to the partition function; we 
therefore write the Helmholtz energy in the form: 


-nRT 


In 

V v 


V 

V 


V -2 Nv 0 


«N» 


+ 1 


R T 


V-Nv 0 


[7.93] 


Knowing that the term z p /V is independent of volume and that volume V- 
Nv 0 is small compared to V, we can write the approximations: 

(V - Nv 0 ) 2 ~V(V- 2Nv 0 ) and (V - Nv 0 ) « V 

By applying equation [7.92], we obtain: 

«N a s AA (rp 


P(V-2Nv 0 ) = nRT 


1 + - 


V 


[7.94] 


We can see that this expression is identical to the virial equation given by 
relation [7.20], limited to the second term; by identification, the second 
coefficient of the virial is therefore: 


B 2 (T)=K a B A A(T) 


[7.95] 


The term 7?aa(T) represents the second coefficient of the virial reduced to 
one molecule. 


B 2 (T) 



Figure 7.7. Variation in the second coefficient of the virial with temperature 
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Our real gas model, taking into account only the paired interactions of 
central forces between molecules, limits our representation of a real gas to the 
second coefficient of the virial. So, the different energetic terms with two, 
three and four components, which we introduced in section 7.3.1, correspond 
to the second, third, fourth etc. coefficient of the virial. For the coefficients 
following the second coefficient, the calculations quickly become 
inextricable and no longer give analytical expressions and only a molecular 
dynamic approach can go beyond this, but it does not give a physical 
meaning to the other coefficients of the virial, which become empirical 
coefficients of the development in series of a function that cannot be 
expressed in an analytical way. However, we will express the second 
coefficient according to temperature using the forces between molecules to 
better our physical understanding of a real gas, even if this representation will 
still be very imperfect. Figure 7.7 shows the variation in the second 
coefficient of the virial according to temperature. We find that the coefficient 
is cancelled out at a point called the Boyle point, and the curve has a 
maximum. 


7.4.3. Forms of the second coefficient of the virial 

To explain the second coefficient of the virial, we must express the 
function £(r ) . To do this, we will gradually review three models of 
interactions between molecules, which ultimately lead to successive 
developed models of this coefficient. 

7. 4. 3.1. Hard sphere model without interaction force 

In this simple model, each molecule is supposedly protected by a sphere 
with diameter D and another molecule cannot cross this sphere (Figure 
7.8(a)), this results in a function £{r) similar to that in Figure 7.8(b), which 
is defined by: 


£ (r ) : infinite if r < D 

e(r) = 0 if/' > D 


[7.96] 
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r 

► 


Figure 7.8. Hard-sphere model without attraction 


Equation [7.76], which can be split into two parts, is written: 
D 


B 


AA 


m 4J 


- | An r 
2 

0 


1-exp 

1 RT 


dr + — J Anr~ 
D 


1-exp 

1 RT 


dr 
[7.97] 


So, by calculating the two integrals: 




2 3 


3 


[7.98] 


In this rather simplified model, the second coefficient of the virial is a 
constant and does not therefore depend on temperature. 

7. 4. 3. 2. Keesom hard-sphere model without repulsion force 

In this model, out of the hard sphere of protection, there is an attraction 
energy of 1/r 6 , function t'(r) is represented on Figure 7.9 and is defined by, 

if £q is the negative value of the mutual energy of both protection spheres of 
two molecules in contact: 


£{r) : infinite if r < D 

£ ^ = £ o[t) if r - d 


[7.99] 


This definition gives a molecular diameter D which acts as the contact 
diameter of contact molecules. 
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Figure 7.9. Hard-sphere model with force of attraction 


To integrate expression [7.76], we develop the exponential in series: 


f 


exp 



k B r 




k B 7> 6 J 


V 


J 


[7.100] 


Equation [7.72] is then split into two parts and the integration gives: 


*AaP> 


inir 


oo 

X— 


3 “ (2i - l)i 

7=1 


_£o_ 

V k B T J 


[7.101] 


This is the Keesom equation. 

To simplify the expressions, we can keep the first term of the equation 
( Sq « k b T ), which gives: 


Baa (T) = 


2 7HD 3 f £ 0 

il + — 1 ^ 

3 [ k B r J 


[7.102] 


In the Keesom model, the second coefficient of the virial is approximately 
a linear equation of the inverse of temperature. 
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7. 4. 3. 3. The Lennard- Jones model 

The second coefficient of the virial was calculated by Lennard- Jones 
using, in relation [7.76], the potential function deduced from the van der 
Waals forces model, i.e.: 


f- 

b 


v r J 

1 

{ r J 


12 


— = -2 
^0 


It revealed that this coefficient takes the form: 
T/f^o 2n -(D) 3 

Baa(T) = —^ — J(y) = — 


3 

The variable y is defined by: 
\l/2 


3 


y : 


e o 

K k B T J 


Whereas fiinction J(y) obeys relation: 


J{y) = y 


1/2 


r( 3 / 4 ) -lS r 


j=l 


2i-\\y‘ 


[7.103] 


[7.104] 


[7.105] 


[7.106] 


In this expression r(x) is the value of function T for a value x of the 
variable (see Appendix A. 5), for example, we obtain F(3/4) = 6.9. 

From [7.104] and [7.106], we can write: 

, , , , 2 n 

log| 5 A A ( r )| - log|- / 0 ; )| = l°g— +31ogD [7.107] 


And from [7.105], we obtain: 


log T - (■ -2 log y ) = - log e 0 + log ( k B / 4 ) 


[7.108] 
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Figure 7.10. Variations in the second coefficient of the virial with temperature 
(according to Lennar d- Jones) 


Both expressions [7.105] and [7.108] show that the representative curves 
of functions log([/(y)|) = f(-2\ogy) and log[§ AA (r)| = g(T) can be 
superimposed. This superposition allows us to determine parameters e 0 and D 
and therefore r 0 depends on the gas. Figure 7.10 shows that for several gases, 
the law is followed correctly. 

For example, for nitrogen we determine: 

y 

— = 96.7 , D = 3.72 A and r 0 =4.17A 
k B 


We can easily determine the Boyle point and obtain: 


Jbo - 1-082 


and by applying relation [7. 105] we obtain: 


— p-lp. = 3.43 

y 
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Combining relations [7.104], [7.105] and [7.106], for the second 
coefficient of the virial, gives: 


Baa(T)- 


2 otq 3 

M 

1/4 

3 


] 


ly2 f 

A i I 


4£*nk B r 


\i/2 



[7.109] 


Note - If we limit the sum of the previous relation to its first term, we have a 
simplified form of the second coefficient: 


Baa(T) = ~ 


13.8^Tq 

3 


4 >1/4 

r 

f „ \ 

1/2] 

f 0 

J 

1 + 0.87 

£ 0 ' 


v k B r 7 


, 

v k B r 7 

J 


[7.110] 


7.4.4. Macroscopic state equations and microscopic description 

We are now going to focus on the second coefficient of the virial, 
calculated from the microscopic properties of macroscopic state equations, to 
ultimately give a physical meaning to the parameters of these state equations. 
We are therefore going to assess the application of relations [7.97], [7.102] 
and [7.110] to relation [7.96] to calculate the second coefficient, then to 
[7.94] to compare several state equations. 

If we use relation [7.98], we obtain the following state equation: 


P(V-2Nv 0 ) = nRT 


1 + - 


2^N„Z) 


3 A 


3v 


0 


which is equivalent to: 
P(v°-b) = RT 


[7.111] 


[7.112] 


which is the simplified Van der Waals equation (with a = 0) and therefore the 
co-volume is, by taking into account [7.21]: 

, 7fN a Z) 3 

U — a 


3 


[7.113] 
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Let us now assess the use of the simplified Keesom equation [7.102]: 


Pv° = R T 


\ , xNgD 3 | N a D^ 


V 


3v 


o 


3k B 7V 


.0 


J 


[7.114] 


If we compare this to the Van der Waals equation in the form of a 
development of the virial (relation [7.21]), we obtain: 


b = 


ttN„D j 


, /ze 0 N :D 3 xt , 
and a = = N a &e 0 


[7.115] 


So, we see that the Van der Waals equation contains at least the 
assumption £ 0 « k B r . 

The form [7.19] of the Dieterici equation gives the same meaning as the 
van der Waals to the second coefficient of the virial. 

Now let us assess the use of the simplified Lennard-Jones equation 
(equation [7.110]), if we keep the same meaning [7.115] for the co-volume, 
we obtain: 


Pv° = R J 


bNa 


6.9£q 4 1.86£-q /4 ^ 

3/4^3/4 


kl/4 r I/4 


V 


kg r 




[7.116] 


We obtain a state equating with the unrecorded form in the macroscopic 
functions but more complex than that of Berthelot. 


7.4.5. Chemical potential and fugacity of a real gas 

Using equation [7.93], we calculate the chemical potential (or molar 
Gibbs energy) using the following relation: 


M 


dn J 


= RIIn^ 


T,V 


Z Pf 


2RT 

V 


« N a- S AA( 7 ’) 


[7.117] 
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We see in the first term in the second half of equation [7.117] the 
chemical potential of the perfect gas. By comparing this to the definition of 
relation [7.43], by taking into account [7.1 17], we can write: 


nRT 2R T 2nN.,B AA (T) 

f 0 = exp a ^ 

u v V V 


[7.118] 


This expression gives the fugacity of the pure gas as a function of the 
second coefficient of the virial. 

Lewis created an approximate formula to calculate coefficient of fugacity, 
by developing relation [7.118] in series and by being limited to the first term, 
we obtain: 



» N a^AACO 

V 


[7.119] 


So, let P* be the pressure of a gas with perfect behavior, we obtain: 


P ~ U gaM 

P* V 


[7.120] 


So, the Lewis equation is: 

n=jr=j; I 7 - 121 ! 

We can also easily show that: 

f 0 -P = P-P* [7.122] 


7.4.6. Conclusion on microscopic modeling of a real gas 

We are limited, when determining the second coefficient of the virial, to 
spherical molecules. Although this model is acceptable for simple gases or 
polyatomic gases with an almost spherical shape such as ammonia, other 
models should be developed for molecules with elongated forms and for 
polymers. 
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With regard to the imperfection of gases, we are limited to the forces 
between two molecules only (two body forces) which give the expressions of 
the second coefficient of the virial. Researchers have endeavored to calculate 
the third, fourth and fifth coefficient of the virial. Here the three body forces 
are involved for the third coefficient, four body forces for the fourth and 
compact packing of spheres for the fifth coefficient. As for the second 
coefficient, the authors initially stuck to the hard-sphere model without 
attraction force (see section 7.3.3. 1 and Figure 7.6), and as in the case of the 
second coefficient, they obtained coefficients practically independent of 
temperature, which allowed Hirshfelder and Roseveare to propose a state 
equation in the form: 


PV = RT 


B , 0.625ZT 


1 + 7 + 


0.28696 3 0.19286 4 


M M M 


[7.123] 


In this expression, B 2 is the second coefficient calculated as we saw above 
and b is the co-volume, which is involved in the Van der Waals equation 
(equation [7.113]). As we initially did to calculate the second coefficient, the 
authors calculated the following coefficients using the expression of two 
Lennard-Jones constants for the interaction between molecules: 


£ = 


™0 /q 
r 6 r 12 


[7.124] 


C (cm 6 . mole 2 ) 



Figure 7.11 . Variation in the third coefficient of the virial with 
temperature according to Malijevsky et al. 
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For variations in the third coefficient with temperature, Malijevsky and 
his team arrive at the curve in Figure 7.11, which essentially shows a 
decrease in this coefficient with temperature. According to Flail, the fourth 
and fifth coefficient will be proportional to the different powers of the second 
coefficient: 

B 4 = 0.02820(^2 ) 2 and B 5 = -0.0104(5 2 ) 3 [7.125] 

Ultimately, the coefficients higher than the third may have the potential of 
being used for liquids, but with regard to gases, the experimental properties 
are correctly described by the development of the virial limited to the third 
coefficient. Not that this is not the case for the Van der Waals equation. 


7.5. Microscopic approach of the heat capacity of gases 


To completely model the heat capacity of a real gas, the heat capacity 
must be modeled at constant volume for a perfect gas; in fact, all gases tend 
towards the perfect state when the pressure tends towards zero or the volume 
tends towards infinity. We will establish the law giving CY{7) for the perfect 
gas, then using relation [7.58] and integrating for volumes less than V, we 
obtain, averaging the correct representation of thermomechanical properties, 
the heat capacity at constant volume for a gas at any volume. In addition, we 
move from CY{F) to C P {T) using relation [7.56] and integrating the 
inequalities [7.57] between the pressures 0 and P. We are going to therefore 
model the heat capacity of a perfect gas, for which we will use the relation of 
this capacity from the internal energy: 


C v - 



[7.126] 


As the internal energy of a perfect gas is the sum of the contributions of 
different modes (translation, rotation, vibration), we can write: 

C v = C v(t)+ C v(r) +Cy (v) [7.127] 


And for each mode m, the contribution will be: 


C V (m) 


jfo m ) 

dT 


[7.128] 


ie m is the mean energy corresponding to the contribution m. 
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7.5.1. Classical theorem from the equipartition of energy 

The first values for the heat capacities have been calculated, by taking 
into account for each mode, the mean energy corresponding to the 
equipartition of energy (see section 6.8). Using the values given, respectively, 
by equations [6.71] for the translation, [6.74] for the rotation and [6.78] for 
the vibration, we obtain for a diatomic molecule: 

C> =-R+R+R=-R [7.129] 

K 2 2 


Molecule 

V 

r 

Cvm 

CvM 

Cy (v) 

C v 

Monoatomic 

0 

0 

3R/2 

0 

0 

3R/2 

Diatomic 

l 

1 

3R/2 

R 

R 

7R/2 

Linear triatomic 

5 

1 

3R/2 

R 

5R 

15R/2 

Non-linear triatomic 

4 

2 

3R/2 

2R 

4R 

15R/2 

Non-linear tetratomic 

7 

2 

3R/2 

2R 

7R 

21R/2 

Non-linear pentatomic 

8 

2 

3R/2 

2R 

8R 

23R/2 


Table 7.2. Heat capacities at volume constant in the classical 
theorem of equipartition of energy 


For a more complex molecule, we multiply the values of each mode by 
the number of degrees of freedom corresponding to this mode; so, a linear 
molecule will have only one degree of rotational freedom whereas a non- 
linear molecule will have two. As the number of degrees of translational 
freedom is always 3, the number of degrees of vibrational freedom of a 
molecule with N atoms is given by: 

v = 3N — r -3 [7.130] 

Table 7.2 gives the values calculated for different types of molecules. 

Of course, we can easily deduce the corresponding values for the heat 
capacities at constant pressure by adding the value R to the values in Table 
7.2. 


The experiment shows that the calculated values are generally too high 
with regard to the true values of the heat capacities. Flowever, also note that 
if we disregard the vibrational term then the calculated values are this time 
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too low. In fact, we obtain values close to the measurements at higher 
temperatures when there is no dissociation of the molecule. 


7.5.2. Quantum theorem of heat capacity at constant volume 

We are going to use relation [7.127] but by introducing the mean values 
of the different energies obtained at lower temperatures. 

The temperature is always high enough so that the mean translational 
energy keeps the value given by relation: 

(f,) = |k B r [7.131] 


With regard to the rotational term, if the temperature is lower than the 
characteristic temperature of rotation, this mode is not excited and its 
contribution is zero. For higher temperatures, we must use expression [6.51]: 


z r 



8n 2 Ik B T 


[7.132] 


and calculate the mean energy using relation [6.69]: 


1 

f dz m ' 

k B^ 2 l 


z m 

IwJ 

z m 



[7.133] 


We obtain a rotational heat capacity that varies with temperature as 
shown in the curve in Figure 7.12(a). For temperatures greater than the 
characteristic rotational temperature we find a contribution of k B J. 

With regard to the vibrational term, the mean energy can be expressed 
by expression [6.76]: 



hv 


exp 


v k B r y 


[7.134] 
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For a diatomic molecule this gives the expression of the heat capacity at 
constant volume given by: 


C V(v) 


R gg [ ex P (-0g/2 T) 
T [l-exp(-6fe/r) 


[7.135] 


The curve in Figure 7.12(b) gives the variations of this contribution with 
temperature. If it is below the Einstein temperature, defined by: 

hi' 

0 E =— [7.136] 

k B 

Then the vibrational mode is not excited and the contribution of vibration 
is zero. At very high temperatures, we find the value of the equipartition of 
energy. 

If we sum the three contributions to calculate the value for the heat 
capacity at constant volume, as the characteristic temperatures of rotation are 
often lower than the Einstein temperature (see Table 7.3), the variation in the 
heat capacity, for example of a diatomic molecule, with temperature takes the 
form of the curve in Figure 7.12(c). At low temperatures, the only 
contribution is that of translation, given by 3R/2. Then if the temperature 
increases, the contribution of rotation, is added according to the curve in 
Figure 7.12(a) until the limiting value of this contribution is reached, then the 
vibrational contribution is involved until the molecule dissociates which 
makes the heat capacity become double that of the translational contribution 
of monoatomic molecules. The limiting value of the vibrational contribution 
is sometimes never reached. This explains why the values calculated in Table 
7.2 are too low if we do not take into account the vibration and too high in 
the opposite case. 


Molecule 

h 2 

HC1 

n 2 

o 2 

ci 2 

©e(°K) 

6.130 

4.200 

3.350 

2.224 

801 

0,(°K) 

85 

14 

2.8 

2.0 

0.35 


Table 7.3. Values of Einstein temperature and characteristic temperature rotation for 

several molecules 
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Figure 7.12. Variation in heat capacity: (a) rotational contribution: (b) vibrational 
contribution; ( c ) total capacity 


In the case of molecules with more than two atoms, we know that the 
vibrational partition function is the product of the partitions functions relative 
to each mode of vibration and given by relation (relation [6.44]): 


n 

E 1 - 


exp 


0E 
2 T 


■exp 


T 


[7.137] 


Therefore, it is necessary to add as many vibrational contributions as 
there are degrees of vibrational freedom. Each term is characterized by its 
Einstein temperature, whereby the vibrational term is written: 


C V(v) ~ 



exp(-6>g/2 T) | 
l-exp(-<9 £ /r)J 


[7.138] 
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The values obtained from the quantum theory are very close to the 
experimental values, even if some corrective terms are often included as a 
contribution due to hindered rotations, the anharmonicity of vibrations and 
changes in electron state requiring the electronic contribution to the heat 
capacity. 
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Gas Mixtures 


Although a mixture of gases is only a special type of solution, it is often 
treated separately given the strong impact of pressure on its properties. 
Nevertheless, we will see, at the end of this chapter, that modern models of 
solutions, in particular the UNIFAC model, are also used when modeling gas 
mixtures. 


8.1. Macroscopic modeling of gas mixtures 

The general laws of solutions are applicable to gas mixtures, but there 
may be the possibility of generating more accurate models for the influences 
of pressure, which would provide new forms for the chemical potential. 


8.1.1. Perfect solutions of perfect gases 

The concept of perfection is not the same for a gas as it is for a solution; 
we must therefore be incredibly precise when using this term in the case of 
gas mixtures. 

8. 1.1.1. Thermodynamic definition 

A gas mixture is said to be perfect if the chemical potential of each 
component i satisfies the perfect solution, which is written, as a function of 
its molar fraction v, in the mixture: 

Mi = g,° (T, P) + R7 1 In y x [8.1] 
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If each gas is perfect, then the molar Gibbs energy of each gas in the pure 
state is given by: 

g° (T,P) = g* (T,P°) + RT In [8.2] 

* o • 

gj ( T,P ) is the molar Gibbs energy of the pure gas / under a pressure of 
1 bar; this is a function of temperature only. 

By combining relations [8.1] and [8.2] it becomes: 

Mi =g*(T) + Rrin^- + RT\n yi [8.3] 

By defining the partial pressure by relation: 

P, = Py, [8.4] 

we obtain: 

N 

P = Yj P ‘ [8 ' 5] 

(=1 

By combining expressions [8.3] and [8.4], the chemical potential of 
component i is written: 

M i =g*(T,P () ) + KT\n\ [8.6] 

P° 


8. 1.1. 2. Property 

Of course, these mixtures have all the properties of perfect solutions, but 
some of them can be explained according to partial pressures. Thus, the 
molar volume of the mixture obeys the ideal gas law, and we can write: 


dP) 


= Vj = v, u or 


N _ 

V = ^ « ( - V t whereby 
1=1 


V = 


R T ^ nRT 

/ n i ~ 

P P 

1 = 1 


[8.7] 
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v ; ° is the molar volume of the pure gas i. 


Similarly, we obtain: 


p i = p yt = 


nRT 

V 


nj RT 

V 


[ 8 . 8 ] 


The gas i behaves as if it was alone at pressure P t in the total volume V. 


8 . 1 . 2 . Mixture of real gases 

A mixture of gases can be characterized by an equation of state in the 
form: 


V = V(T,P,n l ,n 2 ,...,n i ,...n N ) 


[8.9] 


The partial molar volume of a component can be expressed using this 
equation of state by deriving function [8.9] according to: 


V: 




y dn iy 


T,P,n,_ 


[ 8 . 10 ] 


As we did for pure gases (see section 7.3.5), we determine the Gibbs 
energy of the mixture in the same way, obtaining a similar relation to 
equation [7.41]: 


G(T,P,ni...n i ...n N ) = G*(T,P,n l ...n i ...n N )+ lim \ (v~V*)d P [8.11] 

p»^QJF l \ / 

The asterisk indicates that the corresponding variable is relative to the 

perfect gas. Therefore, knowing the Gibbs energy of the mixture of perfect 

* 

gases G (T, P,n\..n i ..n N ) and the state equation of the real mixture 
V = V(T,P,n l ,n 2 ,...,n i ,...n N ) , we can calculate the Gibbs energy of this 
mixture. By deriving relation [6.11], with regard to the amount of matter of 
one component i of the mixture, we obtain the chemical potential of this 
component: 
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jj. j* P I jj; \ * A R P 

) iP wi,h e ' =v! = jr 1 812 1 

By introducing the fugacity f of the gas i in the mixture, analogous to the 
expression of the chemical potential of a perfect pure gas, we can write that 
of a gas i of a real mixture in convention (I), pure reference compound, in the 
form: 


Mi (T, P ) = g* (T, P°) + RT In M T ’ P ’ n l’-’ n i’- n N) [8 . l 3] 

Combining relation [8.13] and the corresponding relation for the pure 
component i, we obtain: 

/■O /*0 

Mi =g*(T,P 0 ) + RT\n^y ir ^ = g* (T,P {> ) + RT\^ + RT\ n 

[8.14] 

So, by comparison with expression [8.13], we deduce for the fugacity of 
the gas: 




r! I] =<phd I)p 


[8.15] 


We define the fugacity coefficient of the gas i in the mixture by: 


<Pi(T,P,n i 


t fi 

nj,...n N ) = — 


[8.16] 


The gas will tend towards a perfect behavior if the pressure tends towards 
zero, i.e.: 

f. 

lim CP: = lim — = 1 [8. 17] 

P-> 0 P-> 0 P 


By comparison with equation [8.15], the fugacity coefficient of the 
mixture can be written: 
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Generally, we can write: 

,p f RJ’A 

RT\n<Pi= mn o j p0 ^.-— JdP [8.19] 

This relation allows us to calculate the fugacity coefficient of a gas from 
the state equation of a mixture and consequently its fugacity and chemical 
potential using expressions [8.15] and [8.13]. 

There is an extremely simple calculation of the fugacity of a gas i, when 
the gas mixture forms a perfect solution of imperfect gases, because we 

obtain Y; = 1 , and the fugacity, from relation [8.15], becomes: 

fi=fi > y i =(phi P [8-20] 

This relation includes what we call the Lewis equation. This relation is 
often a very good approximation, especially beyond critical conditions, to 
calculate the fugacity of a gas mixture from only the fugacity of a pure gas 
under the same pressure as the total pressure of the mixture. 


8.2. Characterizing gas mixtures 

There are three ways to characterize a gas mixture: 

- using a state equation of the mixture allows us to calculate the fugacity 
coefficients using expression [8.19]; 

- with a compressibility coefficient of the mixture to use relation [7.49] 
for the mixture or even apply to the mixture, a law of corresponding states 
(see section 7.3.4) but this needs to have defined and calculated a pressure 
and a critical temperature of the mixture as a function of composition. We 
can then use generalized charts; 

- using a representation method of a solution by applying relation [8.14]. 
This method links the representation method of certain condensed molecular 
solutions since it must determine a coefficient of activity. 
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8.2.1. Method of the state equations of gas mixtures 

Many equations of state, some of which we saw in Chapter 7, have been 
adapted to mixtures. In the following section we are going to assess the main 
ones. 

8.2. 1.1. Van der Waals state equation 

The generalized Van der Waals equation with relation [7.1] can be used 
for a gas mixture by defining coefficients a""' and h m,x of the mixture using 
two relations, [8.21] and [8.22], which we call mixing laws. 

N 

b' nix =Y J X i b i [8.21] 

i=l 

N N 

a miX ='Z£x j a l j [8.22] 

1=1 7=1 

Relation [8.21] only involves co-volumes b, of different pure gases. 
Relation [8.22] involves mixed terms, cij , relative to two components which 

can be taken as the geometric average of coefficients a; relative to two 
corresponding pure gases, according to: 

a ij = 7^7 [8-23] 

The state equation obtained has the same pitfalls as the Van der Waals 
state equation for the pure gas, i.e. that it is not very precise especially when 
it greatly differs from the perfect behavior of gases and in particular near the 
critical conditions. 


8.2.2. The Beattie-Bridgeman state equation 

An equation was generalized from the Beattie-Bridgeman equation 
[7.28]. It is established by defining different coefficients from those of pure 
gases according to expressions [8.24] and [8.25]. 
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V 1 = 1 
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jb 

[8.24] 



i=i 

i=i 


N 


N 



z 

i=t 

xfi 

c mk 

1=1 


[8.25] 


Of course, multiplying the number of constants makes the quality of this 
state equation better than that of the Van der Waals equation. 


8.2. 2.1. Development of the virial 

We can also use a development of the virial of the mixture similar to 
equation [7.20] used in the case of a pure gas. 


8.2. 2. 1.1. Definitions of the virial coefficients for the mixture 

The second and third coefficients are defined, respectively, by the second 
and third coefficients of pure gases and the mixed terms B 2 (ij) an d B l{ijk) 

relative to two or three components, according to: 

N N 

B 2 ix =Y^L x i x j B m l 8 - 26 l 

1=1 7=1 
N N 

B f X = [8.27] 

i=l 7=1 k = 1 

In the next section, we will see how to interpret the second coefficient of 
the virial, which is often sufficient, by developing the same method we used 
in section 7.4.3 for pure gases. 


8.2.2. 1.2. Calculating the second coefficient of the virial of a mixture 

Using the first relation [5.16], we can extend the method we used in 
section 6.4.1 to mixtures of gases, A, B, C, etc., by superposing several 
quasi-chemical equilibria. We ultimately obtain: 


i ni i=Tj 


(AB) °(Ab/ 


B (AB)( T ) 


[8.28] 
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In this relation, the sum extended to (AB) means that taking all the 
possible couples of molecules and G (A b) equals 2 if the molecules A and B are 
identical, and 1 if they are different. For example, for a binary compound, 
relation [8. 28] will take the form: 


In I j 


N 2 

AACO + 


n a n b 

V 


b ab (T)+ 


N 2 

2V 


[8.29] 


The coefficients Baa and B B b are defined by relation [7.76] and the mixed 
coefficient B A b is defined by: 


Bab(T)- 


r a Q 

~ 

( „ \ 

“ 

■ f Am- 2 

eX P 

^AB 

-! 

J 
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v k B r y 



d r 


[8.30] 


The canonical partition function of an ensemble is therefore: 
lnZ c = 2] (A) l nZ C(A) +ln// 


[8.31] 


The sum is extended to all components of the mixture. 

If we choose one mole of a binary compound, then: 

N = N A + N B = N a [8.32] 

The molar fraction x of one of the two gases becomes the composition 
variable and therefore: 


x — — — - and 1-* = — [8.33] 

N a N a 

The second coefficient of the virial is defined by an extension of the 
definition [7.95], i.e.: 

B 2 (T) = ^ a ^ (AB) ri AB x A x B B (AB) (T) [8.34] 


The sum is extended to all possible binary compounds, AA, AB, BB, etc., 
and this time the coefficient r| AB equals 2 if both components are different 
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and 1 if they are identical. So, in the case of the binary compound AB, 
relation [8.34] is written: 

B 2 (T) = N a [x 2 B aa + 2x(l - x)B ab + (1 - xf B bb ] [8.35] 

This quadratic form in the variation of the second coefficient of the virial 
with the molar fraction of one of the gases is followed by a number of 
mixtures of binary gas compounds. Figure 8.1 shows the results for the 
hydrogen/helium, hydrogen/argon and helium/argon couples. 

Some authors have defined the mixed parameter B ab as the average of the 
simple parameters B AA and B nH , for example: 

= b aa + 5 bb [8.36] 

This expression is logical when the force field of both types of molecules 
is identical or at least very similar, which explains how such a relation nicely 
represents the results obtained with the oxygen/nitrogen mixture. 

Other state equations, which we have found for pure gases, have also 
been extended to gas mixtures. This is the case with the Soave-Redlich- 
Kwong equation, given by relations [7.10], [7.11] and [7.12], and that of the 
Peng-Robinson equation, given by relations [7.15], [7.16] and [7.17]. We will 
give the corresponding mixing laws since these laws are mainly used when 
determining the coefficients of activity of solutions near to the triple point 
(see section 8.3). 



Molar fraction Molar fraction 

hydrogen helium 


Figure 8.1. Variations in the second coefficient of the virial with composition - 
I - H 2 /He, II - H 2 /Ar, III - He/Ar from [GIB 29]) 
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8.2.3. Calculating the compressibility coefficient of a mixture 

Calculating the compressibility coefficient of a mixture aims to use the 
same methods as those found when studying pure gases to quantify 
fugacities. There are two methods used to calculate the compressibility 
coefficients of a mixture. One uses the compressibility coefficients of pure 
gases and the other uses reduced diagrams which require the definition of 
relative variables (pressure and temperature) and therefore the corresponding 
critical variables. 

8.2.3. 1. From coefficients of pure gases 

If we use relation [7.32] for each component of the mixture including 
partial pressure, i.e.: 

V m P i =x i Z i RT [8.37] 

The coefficient Z, plays the same role as when the gas is pure since it 
measures how far the mixture is to perfection. 

By summing all the terms relative to all the constituents, we obtain: 

N N 

KnY J P ‘ =RT H X ‘ Z ‘ t 8 ' 38 J 

1=1 1=1 

By keeping the same definition of partial pressure [8.4] as in the perfect 
solution of perfect gases, we can define a compressibility coefficient of the 
mixture by relation: 

PV m =Z mix RT [8.39] 

And we will obtain by comparing expressions [8.38] and [8.39]: 

N 

Z mix = [8.40] 

/=1 

This expression allows us to calculate the compressibility coefficient of 
the mixture from those of pure gases. 
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8. 2. 3.2. Using reduced charts 

The second method used to obtain a compressibility coefficient of the 
mixture would be to apply the law of corresponding states and use 
generalized charts, provided that it has a reduced temperature and pressure, 
that is to say the temperatures and critical pressures of the mixture. 

Note - In a mixture, there is a triple point for each composition. 

We are going to take a look at a binary mixture of two gases, A and B. In 
Figure 8.2, the two curves representing the liquefaction of two pure gases are 
shown up to the critical points A and B, as well as for two compositions, x A 
and jc’ a , the dew point and liquefaction curves. Each couple of these curves 
has a maximum at a point known as the critical point of the mixture. The 
geometric location of all these points is represented on the dotted line in 
Figure 8.2. 


UP 


B 



Figure 8.2. Critical temperature and pressure of a binary compound 

Two methods are proposed to determine the critical point of a mixture. 

The first method, proposed by Kay, assumes that all the critical points are 
aligned for the different compositions between the critical points of two pure 
compounds. The dotted line in Figure 8.2 is similar to a straight line. This 
method, for a mixture with N components, involves calculating the critical 
temperature and pressure of mixing by relations [8.41] and [8.42]: 


N 



i=l 


[8.41] 
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rpmix 

1 c 


N 

= Z x T C (o 

1=1 


[8.42] 


However, when approaching the critical point of a mixture, as the line is 
not exactly straight, it is highly imprecise when determining whether we are 
ultimately dealing with one or two phases. 

The second method, by Jaffre, proposes the empirical relations [8.43]. 
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1 x A0A\jPc(A) +X B' 


c(B) 


c 

mix 


pmix 
r c 


2 2 1 r 1/3 1/3 

: x A0A + x B0B + ~ X A X B ‘Pa +( Pb 


T c(i) 

P c(i) 


[8.43] 


These relations were tested on concrete cases, and allowed the critical 
pressure and temperature of a given mixture to be calculated, knowing those 
of the pure substances. 

The reduced temperatures and pressures calculated from the critical data 
of pure gases allow us to determine, with the help of generalized charts used 
for pure gases, the compressibility coefficients of constituents of the mixture. 


8.2.4. Method using activity coefficients of solutions 

The last method developed to represent a mixture involves the use of 
relation [8.14] by superposing an expression of the activity coefficient 
deduced from a molecular model obtained using a model starting with the 
calculation of excess Gibbs energy as can be found for liquid solutions. 


8.3. Determining activity coefficients of a solution from an equation of 
state 

The methods, described above, used to determine a coefficient of activity 
from a model and the calculation of excess Gibbs energy, form part of a 
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group of methods called excess Gibbs energy’ methods or G is methods. These 
methods give models that often find it difficult to represent vapor-liquid 
equilibria since these equilibria require, together with a description of the 
liquid phase, a reliable description of the gas phase. 

Some authors inspired by the fact that “cubic” state equations, such as the 
van der Waals equation, account for the change in state from vapor-liquid 
and the critical point, and they have proposed to describe liquid and gas 
phases using the same model. These methods are called state equation 
methods. 


8 . 3 . 1 . Methodology 

We will start with an expression giving the chemical potential of a 
component of a solution, with which we aim to determine the activity 
coefficient of this component in the solution. 

For a real phase, which is an imperfect solution of non-perfect gases, we 
can write the chemical potential of one of the components in the form [8.13]. 

For the same imperfect gas, but assumed to belong to a perfect mixture, 
we express its chemical potential |J,5 pertmlx) by expression [8.14]. 

The excess partial molar Gibbs energy of component i is the difference 
between the chemical potential in the real solution //■ and its chemical 

potential in the perfect solution ^/P crp,TUX * w hich we can write: 

Gf S = Mi - J uj Kvfmix =RT\ny^ [8.44] 

Therefore from the difference between expressions [8.13] and [8.14], we 
obtain: 
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i.e.: 


rP = 


fi 






[8.46] 


The fugacity coefficient of constituent i is given from the state equation 
using relation [7.46] and that of constituent i in the mixture can be 
calculated using expression [8.19], i.e. 


RTlnx^P = 



[8.47] 


Therefore, knowing a state equation of gases and the mixing laws of the 
parameters of this state equation helps obtain the activity coefficient of a 
component in the solution; this is so in the gas or liquid phase if this state 
equation can be applied to equally represent both the liquid phase and the gas 
phase. 

This method was first applied by Van Laar who provided an expression of 
the activity coefficients using the Van der Waals state equation. 
Unfortunately, the success of the Van Laar model was limited by the fact that 
the Van der Waals equation, which applies to weakly imperfect gases, is very 
far from reality when approaching the liquid phase and even more so for the 
latter. The method was subsequently used with greater success with more 
efficient state equations accompanied by sophisticated mixing laws. In 
particular, this is the case for the PSRK model which we will describe. 


Note - The Van Laar law is, however, suitable for certain liquid alloys and 
also another model using an excess Gibbs energy method has been given. 


8.3.2. Studying solutions using the PSRK method 

The PSRK (Predictive Soave-Redlich-Kwong) method (1991) is based 
on the state equation of Soave, Redlich and Kwong (see section 1.3. 2. 3) with 
the mixing laws of parameters including the excess partial molar Gibbs 
energy calculated using a study method of liquid solutions called the 
UNIFAC method. The UNIFAC method considers that a solution of 
molecules, i, j etc., behaves like a solution with the functional groups, 
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k, m, etc., which form the molecules. The activity coefficient of component i 
obeys the relation: 

ln r P=ln r p Com ) + lnrP Res > 

Its logarithm will be the sum of both contributions, one of conformation, 
with an entropic origin due to the arrangement molecules in the volume and 
the other residual, of enthalpic origin and due to the paired interactions 
between different molecules. 

The UNIFAC model calculates these two contributions. 

8 . 3. 2.1. The modified state equation of Soave-Redlich-Kwong and the mixing 
laws 

We will therefore use the Soave-Redlich-Kwong state function (relations 
[7.10] and [7.11]). The function a with an origin given by relation [7.12] has 
been modified and replaced, in the case of temperatures lower than the 
critical temperature by the Mathias and Coperman function, which takes the 
following form: 


a = 


1 + Cj 




[8.48] 


In this expression, T r is the reduced temperature, i.e. the ratio of the 
working temperature to the critical temperature, which obviously requires 
that the latter is known. C i, Ci and C 3 are three coefficients determined from 
the liquid-vapor equilibria of the pure substance. This function provides a 
better representation than function [7.12], which of course is kept in the 
absence of experimental data and if the temperature is greater than the critical 
temperature with the single term C\. 

The laws of mixing of the model are: 

- for coefficient h the simple weighted additive rule, which means that we 
assume the volume of the mixture to be zero, we therefore write: 


[8.49] 
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- for coefficient a, the mixing law will use the excess Gibbs energy 
function, which we will determine for the liquid solution using the UNIFAC 
method: 


R T 




c " +X x ' ln 


b: 


b,RT 


0.64663 


[8.50] 


G xs is the excess Gibbs energy which we will determine for the solution 

from UNIFAC data, that is to say the sum of the conformation and residual 
terms. 

8. 3. 2. 2. Parameters of the model and overview of results 

The parameters of the model are therefore: the constants associated with 
the state equations of each component and those in expressions [7.10] and 
[7.11] including the parameters of equation [8.48], the critical temperatures 
and of each component and the data needed to use the UNIFAC model, i.e. 
following a good definition of the elementary groups chosen, their structural 
parameters and the energy parameters relative to each group couple. 



Figure 8.3. Liquid-vapor chart of binary cyclohexane - carbon dioxide, comparison 
of experimental points and calculated curves 
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The UNIFAC consortium (Dortmund Data Bank, DDB), together with the 
UNIFAC data bank, a specific PSRK data bank, provides the values of the 
ensemble of parameters for an increasing number of groups and substances; 
the data are collected from experimental studies on liquid-vapor equilibria. 

By accurately defining the group chosen when using UNIFAC, this 
method gives accurate results, especially with regard to calculating liquid- 
vapor equilibria. The superiority of this method over the model is revealed 
when one component is in a supercritical condition and the critical point of 
the solution is reached. Figure 8.3 shows the goodness of fit of the 
experimental data and the values calculated in the case of the binary 
compound formed by cyclohexane and carbon dioxide both for the bubble 
point curve and for the dew point curve at 41 1 K. 


8.3.3. VTPR Model 

A certain number of downfalls for the PSRK model were noted by Ahler: 

- determining the term a by relation [7.12] for temperatures that greatly 
exceed the critical temperature would quickly become insufficient; 

- the volumic mass of the liquid phase would be poorly calculated by the 
SRK state equation [7. 10]; 

- large errors would occur when there is a large variation in dimensions 
between the molecules of the components; 

- the model would provide a poor prediction of the mixing enthalpy and 
activity coefficients of infinitely dilute components. 

To address these pitfalls, the VTPR (Volume-Translated Peng-Robinson) 
model was proposed by Ahler and Gmehling in 2001. 

It is based on the state function of Peng and Robinson (see section 
7. 3. 2. 4) modified by the translated volume and it takes the form: 

p _ RT aa 

V-t-b ( v + t)(V + t + b 2 ) + b(V-t-b ) 


[8.51] 
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t is the given translated volume, according to the critical conditions and 


compressibility coefficient under these critical conditions , by: 


RT 

t = 0.242 — c -(Z c -g) and g = 2.5448Z C -0,4024 


[8.52] 


The function a is given by a Twu equation: 
a = a 0 (T r ) + (o [a, (T r )~ a 0 (T r )] 

at is the coefficient of acentricity. a 0 (T r ) is defined by: 


a 0 (?;) = r ; .- 0 - 201158 e X p 


a\(T r ) is defined by: 

-0.6601458 


a \ { T t ) ~ T r 


exp 


0.14 1599^1 -7]. 2 ' 29528 j 


0.500315(l-r, Z633165 ) 


[8.53] 


[8.54] 


[8.55] 


The rules of the mixture are: 

- for t: 

= 2 >, 

i 

- for b: 


j^mix 


XZ v ' v Ay 

i j 


and bjj = 




4/3 


- for a: 


mix 

a 



'Res 


0.83087 




J 


[8.56] 


[8.57] 


[8.58] 
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The excess Gibbs energy G^ es is the residual term obtained from the 
UNIFAC (DO) model, used for liquid solutions and modified. 

Note - The difference in the excess Gibbs energy term selected with the 
PSRG method which was the complete variation in Gibbs energy and not 
only the residual term should be noted. 

We find that the results obtained are similar to those of the PSRG model 
with regard to liquid-vapor equilibria (see Figure 8.4) but much better with 
regard to the weaknesses of this previous method and in particular for excess 
Gibbs energy (see Figure 8.5(a)) and the density of the liquid state and 
therefore the solid-liquid equilibria (see Figure 8.5(b)). 



Figure 8.4. Comparison between experimental data, PSRK results (—) and VTPR 
results ( — ) for some liquid-vapor equilibria (from Abler and Gmehling, 2001) 


Unfortunately, the current VTPR method severely lacks available data 
sets that are specific and are still being accumulated by the Data Bank. In 
fact, the variations in the excess Gibbs energy term with temperature 
introduced in the mixing term [8.58] and those from the modified UNIFAC 
(Dortmund) model are too imprecise; the experimental curves from the data 
should be readjusted as Figure 8.6 shows, comparing this poor result from the 
VTPR model when using modified UNIFAC data and the good results given 
by VTPR with specially adapted data. 
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Figure 8.5. Comparisons of experimental points, PSRK data and VTPR data for a) 
Excess Gibbs energy; b) solid-liquid equilibria (from Abler and Gmehling, 2001) 



*\,y\ 


Figure 8.6. Comparison of a liquid-vapor chart obtained experimentally, 
by VTPR and VTPR using UNIFAC (DO)data (according to Foster, Rarey, 
Ramjugernath, 2009) 
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8 . 3 . 4 . VGTPR Model 


With regards to the issue indicated above with the VTPR method, 
researchers have tried to develop this method by using an enormous database 
available for modified UNIFAC Dortmund. It was found that the coefficients 
of activity from the VTPR model using the Dortmund data bank differed 
from those ultimately obtained by VTPR using G * ' UNIFAC (Do): 


,-iXS , s-tXS 

VTPR U g xs UN1FACDo 


[8.59] 


which means a difference in each activity coefficient as shown in the 
example in Figure 8.7 obtained for the propane -benzene system, therefore: 

Vi (VTPR) * Y. j(G xs UNlFACDo ) [8.60] 

This obviously results in significant differences, for example, in the 
liquid-vapor diagrams, and it seems that the activity coefficients obtained 
from the G xs model are correct as shown in Figure 8.8 by the comparison 
between the curves obtained using the VTPR method using UNIFAC (Do) 
and those directly obtained with UNIFAC (Do) only for the liquid-vapor 
diagram of the propane-methanol binary compound. 



Figure 8.7. Comparison of coefficients of activity calculated 
using both models in the case of binary propane-benzene 
(according to Foster , Rarey, Ramjugernath, 2009) 


The acronym VGTPR (Volume-Gibbs-Translated Peng-Robinson) 
(according to Ahler and Gmehling, 2001) suggests a modification which 
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validates the G xs model and will replace the value of Yi(vos) > obtained using 
the UNIFAC (Do) data bank, by the value y^ G ^ UN j FAC ^ Do ^ ■ 

Here, an activity coefficient of transfer is introduced into the model, 
obtained using an iterative method. 



*by\ 


Figure 8.8. Comparison between experimental data and VTPR data using 
UNIFAC (Do) and with UNIFAC (Do) only (according to Foster, Rarey, 
Ramjugemath, 2009) 


For this, the relation of mixture [8.58] is modified in the form: 


mix 

a 




G XS , 

Res + (j ‘ 


xs 

trans 


V i 


0.83087 


[8.61] 


The excess Gibbs energy of transfer is calculated from: 
^trans — ^ , x i Ti(trans) 


[8.62] 


Each value Yj(wans) ' s obtained using an iterative method according to the 
chart in Figure 8.9. 
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Figure 8.9. Chart showing the iterations when calculating 
activity coefficients of transfer 


The results obtained are effectively quite encouraging and the amount of 
possible systems is infinitely greater than with the VTPR model since we 
have the whole DDB database available. 



Figure 8.10. Comparison of activity coefficients calculated using both VGTPR 
and UNIFAC models in the case of binary propane-benzene 
(according to Foster, Rarey, Ramjugernath, 2009) 
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xuyi 


Figure 8.11. Comparison of experimental data with UNIFAC (Do) model, 
VTPR model, PSRK model and VGTPR model (according to Foster, Rarey, 
Ramjugernath, 2009) 


Appendices 




Appendix 1 


The Method of Lagrange Multipliers 


Al.l. An overview of the problem 

We aim to find the value of an extreme (maximum or minimum) of a 
function/ of several variables X\, x 2 ,x n . 

If the variables undergo small variations from x x + 8-Tj to Xj + 5x, , the 
function varies from / to f + 8f such that: 


Sf 


n 

Z 

/=!' 


df 

ydXj j 


I &Cj 


For an extreme, 8/ = 0 and therefore: 


n( ^ / ^ 


Z 

i=l 


V dx t j 


&j = 0 


[Al.l] 


If all the variables are independent, this equation can be solved by 
cancelling out each term of the sum: 


\ dx i j 


= o 




Phase Modeling Tools: Applications to Gases, First Edition. Michel Soustelle. 
© ISTE Ltd 2015. Published by ISTE Ltd and John Wiley & Sons, Inc. 



240 Phase Modeling Tools 


The problem that interests us here is to find the extreme when all 
variables x, are not independent but where the relations are independent of 
one another, called constraints; the previous solution is therefore no longer 
valid. We will use the method of Lagrange multipliers. 


A1.2. Solving the problem using the method of Lagrange multipliers 

Let us assume, that to describe the method, there is a constraint between 
the variables x t such that: 


g(Xj) = 0 


The constraint g is always true and the variable of g remains unchanged 
when the values of variables x,- vary, i.e: 


Sg(Xi) 


Z 

/=] 


4 3 V 

dg_ 

K dx i J 


PC; = 0 


Since 8g is zero, we can multiply it by an arbitrary parameter X and add 
it to equation [A 1.1], we obtain: 


df 

ydXj j 


+ l\ 


ydXj J 


>Sxj = 0 


[A1.2] 


Equation [A1.2] can be solved using one of the variables, i = n for 
example, as a function of the other variables (i = 1, 2, etc. n-1 ) which are 
independent. For the time being, X is arbitrary, but we can choose its value so 
that the term in x n in equation [A1.2] is zero, that is to say that we can select 
X so that: 


dx„ 


+ A 


f a A 

dg_ 

dx„ 


= 0 


So equation [A 1.2] becomes: 

i&; = 0 


n — 1 

I 

i = 1 


' df \r ' 


=1 1 v ^ x i j v j 


dX; 


[A1.3] 
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Now, the n - 1 variables are independent and the solution is: 


dx ; 




+ A 


dX; 


= 0 


i = 1, 2, 77 - 


However, equation [A1.3] has exactly the same form and therefore the 
maximum or minimum off can be found by solving the system: 


ydXi j 


+ M 


f 3 \ 

dg_ 

ydxi j 


= 0 


7=1, 2, 


If there are several constraints, we will introduce as many multipliers as 
constraints into [A1.2] and deduce as many equations in the form of [A1.3] 
as constraints. 


A1.3. Determining the multiplier values 

There are two methods to determine the value of the arbitrary constant X. 

The first method involves solving equation [A1.3] rather than carrying out 
the optimization. 

The second method involves keeping the undetermined multiplier X until 
a property is deduced for which the value is known. This is the method that is 
often used in statistical thermodynamics to determine the multiplier 
/? = l/k B r . 


In the case of several multipliers, the methods can be mixed, with some 
constants determined by the first method and others by the second. This is 
found when determining both constants a and [Ym statistical thermodynamics 
(see sections 4.2.2, 4.2.3, 4.5.3 and 4.5.4). 




Appendix 2 


Moments of Inertia of Molecules 


In the tables below, we find the expressions of moments of inertia for 
several common forms of molecules. 


m is the total mass of molecule, w?a is the mass of atom A. 


Rotor 

Form 

I 

Diatomic 

molecules 

m A /77b 

»7 A + »; B 

Linear rotor 

oKy- o 

ir>A m B m c 

m 

Linear rotor 

o^O^o 

m A m B /77 a 

Imp^R" 

Symmetrical 

rotor 

f jrrt c 

/77 B /^>V 

. — /77a 

/77a 

hi 

1= = 

m A 

+ — ( m A 

m 

2 

+ — 

m 

= 2m A R~ (l - cost?) 

2 (l-cost?) 

+ m c )R 2 (1 + 2 cos 8) 

(3 m A + m B )R '+ 

r 1 i * /2 

6m. R -(1 + 2 cos#) 

L3 J 
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Rotor 

Form 

I 

Symmetrical 

rotor 

/ j m A 

n? A \_) 

y m A 

/ [| = 2/« A /? 2 (l - cost?) 

I± = ,n A^ 2 (l _ cos#) 

+ >Ua '" b r 2 (1 + 2cos#) 
m 

Symmetrical 

rotor 

r \ me 

% )'” a 

V y c 

hi = 4 m A R 2 

Ij_ — 2m A R 2 + 2m c R' 

Spherical 

rotor 

(^) m A 

IWa^ — ' (”) 

nr) A 

8 2 

— m A R~ 

Spherical 

rotor 

f j TTIa 

r~\n![ Vi J mA 

thaI ) "V .y 
— y m 6 v Y/"\ 

If) m A 
V.y’/riA 

4 m^R~ 


Appendix 3 


Mathematical Complements 


This section covers a number of mathematical rules used in this book. 


A3.1. Homogeneous functions and Euler functions 

We call a homogeneous function of degree m with regard to variables x, y 
and z the functions f(x,y,z) so that for any independent variable k of x, y and z, 
we obtain: 


f(kx,ky,kz) = k m f(x,y,z) [A3.1] 

Examples.- Homogeneous functions with a degree of zero are such that: 

f(kx,ky,kz) = f{x,y,z) [A3. 2] 

Functions with a degree of 1 are such that: 

/(Ax, ky, kz) = kf(x, y,z) [A3 . 3 ] 

It is easy to show that if a function f(x,y,z) is homogeneous with a degree 
of m then the ratio / (x,y,z) / x m has a degree of zero. 

f(kx,ky,kz) _ f(x,v,z ) r A S 41 
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Homogeneous functions obey Euler’s identity: 


xdf(kx,ky,kz) ydf (kx ,ky ,kz) zdf(kx,ky,kz') = m -\ TA3 51 

d{hx) d(ky ) d(kz ) 

This expression is clear after deriving relation [A3.1]. 

The reciprocal is also true: if a function f(x,y,z) obeys Euler’s identity, it 
is homogeneous with a degree of m with regard to variables x, y and z. 

Examples.- Homogeneous functions with a degree of zero will satisfy: 

xdf (kx,ky,kz ) ydf(kx,ky,kz) zdf(kx,ky,kz) 


- + ; 


- + - 


8 [kx) d[ky) d[kz ) 

Functions with a degree of 1 satisfy: 

xdf (kx,ky,kz) y'df{kx,ky,kz ) zdf (kx,ky,kz ) 


= 0 


[A3. 6] 


d(kx) 


- + ; 


d{ky) 


- + - 


d{kz 


= f(x,y,z) 


[A3. 7] 


These notions are useful in thermodynamics since many functions such as 
the characteristic functions, volume etc. are homogeneous with a degree of 1 
with regard to the amount of matter, that is to say, the number of moles 
The corresponding partial molar variables derived from the previous 
with regard to the amounts of matter are therefore homogeneous with a 
degree of zero with regard to these amounts of matter. 


A3.2. Exact total differentials 

A3.2.1. Definition and identity of Maxwell 

Let P and Q be two continuous functions derived from the variables x and 
y. The expression, called Pfaff s expression, is written: 

P{x,y)&x + Q(x,y)&y [A3. 8] 

It is an exact total differential if it is the total differential of a function u 
of the same variables x and y, i.e.: 


dw = P&x + Q&y 


[A3. 9] 
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We therefore obtain: 


du „ ,du 
— = P and — = Q 
dx dy 


The main property of exact total differentials is that they obey Maxwell’s 
identity, which is written: 


dP _ d 2 u _ d 2 u _ dQ . dP__dQ_ 
dy dxdy dydx dx dy dx 


[A3. 10] 


The previous equality is needed and is sufficient so that [A3. 8] is an exact 
total differential. 


A3.2.2. Integrating factor 

If an expression such as [A3. 8] is not an exact total differential, it is 
written in the form: 

6u = Pdx + Qdy [A3. 11] 

It is possible to transform this differential form into an exact total 
differential, and then integrate it, by multiplying it by the factor L, called the 
integrating factor which, in general, is a function of the same variables as P 
and Q. Therefore, according to [A3. 10], we obtain: 


dy dx 

For example, in thermodynamics, we know that the differential of the 
amount of heat 5 Q : 

SQ = C p dT + hdP [A3. 13] 

is not an exact total differential, but by multiplying it by the inverse of 
temperature, the function d(Q/T) is an exact total differential. The inverse of 
temperature is an integrating factor for the amount of heat and then leads to 
entropy. 
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A3.3. Cross partial derivatives 

In this section, we have mentioned a number of identities concerning 
partial derivatives. 

If Q is a f\(x,y) function, we can write: 


(dQ 

dy 

dx 


. dx\ Q 

AdQ) 


= -l 


[A3. 14] 


By multiplying [A3. 10] by [A3. 14] and by eliminating y, we obtain: 


dp' 


dy_ 

[dQ] 

X 

dx, 


[A3. 15] 


Similarly, if/ 5 is a f 2 (x,y) function, we can write: 


9Q \ 

dx 

dP)y 

py. 


[A3. 16] 


Since P and Q are functions of x and y, it is possible to eliminate x and 
write Q=F(P,y), for which we obtain: 


\ dQ \ 

dP 

dy 

dp)^ 

’{dy)c 

} {dQ) 


= -l 


[A3. 17] 


By removing 
obtain: 


dQ 

dP 


from this expression and by including [A3. 16], we 


dy } 


dx 

dP) 

e 

[dQ) 


[A3. 18] 


The equations [A3. 10], [A3. 15], [A3. 16] and [A3. 18] are called cross 
differential equations [A3. 9]. 
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A3.4. Elements of combinatorial analysis 

In this section, we are going to mention several definitions and formulas 
of combinatorial analysis used in statistical thermodynamics. 


A3.4.1. Arrangements 

We consider an ensemble E of n objects. 

A3. 4. 1.1 .Definition 

We call the arrangement of p objects any ordered sequence of p objects in 
n objects. 

The number of arrangements of p objects in n is denoted by the symbol 

V • 

We must have 1 < p < n and if p > n then A p = 0 . 

Two arrangements of p objects are therefore different if they differ from 
one another by the nature of objects that compose them or by their order in 
the sequence. 

If the same object can be found several times in an arrangement, we 
therefore say that it is an arrangement with repetition; on the other hand, if 
the same object only appears once in an arrangement, this is called a simple 
arrangement or a strict arrangement. 

A3. 4. 1.2. Arrangements with repetition 

When the same object can be found several times in an arrangement, the 
number of arrangements that are repeated is therefore: 

A p = n p with 1 < p < n [A3. 19] 

A3. 4. 1.3. Simple arrangements or without repetition 

When an object can only appear once in an arrangement, the number of 
simple arrangements is given by: 
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A P=- 


pY 


with 1 < 


p S n 


[A3. 20] 


A3.4.2. Permutations 

We consider an ensemble E of n objects. 

A3.4.2.1. Permutations without repetition 

We call a permutation of n different objects any sequence of n objects or 
any arrangement n to n of these objects. 

Using relation [A3. 20] the number of permutations of n objects is 
therefore: 


K = A," = 


n\ 


(n - n )\ 


= n\ 


[A3.21] 


A3. 4. 2. 2. Permutations with repetitions 

In the case where there are several repetitions k of the same object taken 
from n objects, the number of possible permutations of n objects must be 
related to the number of permutations of k identical objects. 

The number of permutations of n objects is therefore: 


n\ 

~k\ 


[A3. 22] 


These permutations of k objects are all identical and must only be counted 
once. 


A3.4.3. Combinations 

We consider an ensemble E of n objects. 

A3. 4. 3.1. Definitions 

We call a combination of n objects p to p, or combination of p objects 
taken from n, any ensemble of p objects in n without replacing or 
repositioning the order in which the objects p are taken. 
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A3. 4. 3. 2. Simple combinations and combinations without repositioning 

If an object can only be counted once, this is a simple combination or a 
combination without repositioning. Note this combination: 


CP = or sometimes 




PJ 


We show that the number of such combinations is: 


CP = 


IV. 


i\(n - p)\ 


with 1 < p < i 


[A3. 23] 


If n < p then Cfi = 0 . 


A3. 4. 3. 3. Combinations with repetition 

If an object can be counted several times, these are combinations with 
repetition. 


We show that the number of combinations of n objects p to p with 
repositioning returns to the number of combinations of n+p-l objects p to p. 
This number is therefore given by: 


C P 

Sj+p-1 


(/? + p - l) ! 
p\ (/? - l) ! 


[A3. 24] 


A3. 4. 3. 4. Properties of combinations 

The combinations have a symmetry property. We show that this is the 
same as giving the combination of p chosen objects as n-p not chosen objects, 
i.e.: 


r p _ r n-p 
'-n '~n 


[A3. 25] 


We show that the combinations obey Pascal’s rule: 


+ rP - pP 
1 ^ *“n- 1 " 


[A3. 26] 


This is what we call the compound combination formula. 
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Constants and Units 


Here we will cover the main units used, the conversion factors and the 
values of the main physical constants. 


A4.1. The international system of units (SI) 

We have consistently preferred the international system of units SI based 
on the meter (m) for length, kilogram (kg) for mass, second (s) for time, 
ampere (A) for intensity of current, kelvin (K) for temperature, and mole (M) 
for quantity of matter (Table A. 4. 1). 

The derivatives of these fundamental units are also used, with specific 
names including joule (J) for work and energy, watt (W) for power, pascal 
(Pa) for pressure and the coulomb (C) for amount of charge. 

Multiples and sub-multiples of the previous units are also used, namely 
nano (multiple :1 O' 9 ), micro (multiple: 1 O' 6 ), milli (multiple: 10" 3 ), centi 
(multiple 10' 2 ), hecto (multiple: 100), kilo (multiple: 1000). 

We also find other units not in the SI system. The main ones are: 

- For pressures: 

- atmosphere (atm) (1013.25 hPa), 

- millimeter of mercury (mm Hg) (133.33 Pa), 

- bar (b) (10 5 Pa). 
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-For work or energy: 

- calorie(cal) (4.184 J), 

- electronvolt (eV) (1.59.10" 19 J), 

- erg (10‘ 7 J). 

-For length: 

- angstrom (A) (10 10 m), 

- micron (lp.m or 10" 6 m). 

Note also the old imperial measurements still found in the literature: 

1 inch = 2.54 cm 1 square inch = 0.45 16 cm 2 

1 foot = 30.48 cm 1 square foot = 929.03 cm 2 

1 yard = 0.9144 m 1 cubic inch = 16.3872 cm 3 

1 mile = 1.6093 km 1 pound = 0.4536 kg 

1 nautical mile = 1.852 km 


Name 

Symbol used 

Value 

Ideal gas constant 

R 

8.315 J.mole' 1 .K' 1 

Planck’s constant 

h 

6.62. 10' 34 J.s 

reduced Planck constant 

h/2jx 

1.05.1 O' 34 J.s 

Avogadro’s number 

N a 

6.02. 10 23 mole' 1 

Elementary charge 

e 

1.602. 10' I9 C 

Electron mass 

m e 

0.91. 10' 3 ° kg 

Proton mass 

m p 

1.67.10' 27 kg 

Boltzmann constant 

k B =R/N a 

1.38.10 23 J.Kf 1 

Zero Celsius 

OC 

273.15 K 

Rydberg constant 

9v 

109673731 m' 1 

“Radius” of hydrogen atom 

do 

5.29. 10" 11 m 

Electrical permittivity of a vacuum 

£o 

(1/36ti).10' 9 = 8.85.10' 11 S.I 

Magnetic permeability of a vacuum 

Mo 

4ti.10‘ 7 = 1 .26. 10“ 6 S.I 

Speed of light in a vacuum 

c 

3.10 8 m.s" 1 

Relation: £q/Jo c =1 


Table AAA. Main physical constants 
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A4.2. Electrostatic formulae 

Table A. 4. 2 shows the main electrostatic formulae consistent in the 
international system; these are the relations used throughout this book. 


Nature 

Formula 

Forces between point charges 

f=-L4 

4nf r 

Field created by a point charge 

E = — . 

4t ze 

Gradient field 

E = -grad V. 

Voltage of asetof charges 

V = J-Z- 

4n£ r 

Electrical induction 

D = e 0 E + P. 

Perfect dielectric 

D = £ 0 (l + x')E = eE. 

Electrical polarization 

p = 

Gauss’s theorem 

div D = p 

Poisson equation 

AV + — = 0 
£ 

Energy field 

eE 2 

W = hr 

Rotational field 

o 

II 

o 

5-. 

Notional distribution equivalent to the 
dielectric polarization 

p' = -div/ 5 and cr' = P n 


Table A4.2. Main electrostatic formulae 
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Function r 


A5.1. Definition 

The function F (or gamma function), is the function of variable x, 
positive, defined by the integral: 


r(;r) = Jr' 1 exp(- t)dt 

0 


[A5.1] 


A5.2. Recurrence relation and table of values 

By integrating expression [A5.1], it immediately becomes: 

F(x + 1) = xT(x) [A5.2] 

This relation allows us to calculate the function T for any value of x when 
we know the values of F in an interval with an amplitude of 1. For example, 
Table A5.1 gives these values in the interval [1-2]. 

We find, by applying the expression of definition [A5.2], that if n is an 
integer then: 

F(n + !) = «! [A5.3] 

The function F of an integer is always confused with the factorial of the 
integer immediately before. 
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X 

rt . v ) 

X 

rtx ) 

X 

re *) 

X 

re *) 

1.00 

1.00000 

1.25 

.90640 

1.50 

.88623 

1.75 

.91906 

1.01 

.99433 

1.26 

.90440 

1.51 

.88659 

1.76 

.92137 

1.02 

.98884 

1.27 

.90250 

1.52 

.88704 

1.77 

.92376 

1.03 

.98355 

1.28 

.90072 

1.53 

.88757 

1.78 

.92623 

1.04 

.97844 

1.29 

.89904 

1.54 

.88818 

1.79 

.92877 

1.05 

.97350 

1.30 

.89747 

1.55 

.88887 

1.80 

.93188 

1.06 

.96874 

1.31 

.89600 

1.56 

.88964 

1.81 

.93408 

1.07 

.96415 

1.32 

.89464 

1.57 

.89049 

1.82 

.93685 

1.08 

.95073 

1.33 

.89338 

1.58 

.89142 

1.83 

.93969 

1.09 

.95546 

1.34 

.89222 

1.59 

.89243 

1.84 

.94561 

1.10 

.95135 

1.35 

.89115 

1.60 

.89352 

1.85 

.94561 

1.11 

.94739 

1.36 

.89018 

1.61 

.89468 

1.86 

.94869 

1.12 

.94359 

1.37 

.88931 

1.62 

.89592 

1.87 

.95184 

1.13 

.93993 

1.38 

.88854 

1.63 

.89724 

1.88 

.95507 

1.14 

.93642 

1.39 

.88785 

1.64 

.89684 

1.89 

.95838 

1.15 

.93304 

1.40 

.88726 

1.65 

.90012 

1.90 

.96177 

1.16 

.92980 

1.41 

.88676 

1.66 

.90167 

1.91 

.96523 

1.17 

.92670 

1.42 

.88636 

1.67 

.90330 

1.92 

.96878 

1.18 

.92273 

1.43 

.88604 

1.68 

.90500 

1.93 

.97240 

1.19 

.92088 

1.44 

.88580 

1.69 

.90678 

1.94 

.97610 

1.20 

.91817 

1.45 

.88565 

1.70 

.90864 

1.95 

.97988 

1.21 

.91558 

1.46 

.88560 

1.71 

.91057 

1.96 

.98374 

1.22 

.91311 

1.47 

.88563 

1.72 

.91258 

1.97 

.98768 

1.23 

.91075 

1.48 

.88575 

1.73 

.91466 

1.98 

.99171 

1.24 

.90852 

1.49 

.88595 

1.74 

.91683 

1.99 

.99581 







2.00 

1.0000 


Table A5.1. Values of function IJx) 


A5.3. Extension to negative values 

Relation [A5.2] can be written: 

r , t r (* + 1 ) 

r(x) = 


[A5.4] 


This expression only has any sense if variable x is positive since it is the 
condition of definition. 
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Figure A5.1. Variations in function r(x) 


Now let us assume that variable x is between 0 and -1. r(x + l)is 

therefore defined using relation [A5.4] and this relation [A5.4] can therefore 
be used to extend the definition of function F(a) to the values of x between - 

1 and 0. 

So, ultimately, we can define the function T(x) by: 

- the integral [A5.1] if a is positive; 

- the formula of recurrence [A5.2] if x is negative. 

So the function I'( a) can be defined by the formula of recurrence for all 
negative values with the exception of: 

-x = 0; 

- the negative integers n < 0. 

If x tends towards zero, F(a) tends towards infinity for positive values. If 
x tends towards -1, T(x) tends towards infinity for negative values and so on. 

Figure A5.1 represents the variations in function 1(a) . 


In particular, we show that: 
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Table A5.2. Notable values of function IJx) 
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